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PREFACE

This textbook was written for the basic course of the Constructive Geometry and
represents the learning tool for study of the very frequently used projection methods — Monge
Projection and the Orthogonal Axonometry and their elementary constructions. Projection
methods enable to create a plane representation of space objects and transform a spatial
problem to a plane. The first chapter is focussed on the conic sections and their basic
properties. Ellipse is necessary for other constructions, so this part is much more detailed.

I wisch to thank Doc. RNDr. Pavel Burda CSc., Mgr. Dagmar Dlouhd Ph.D.,
RNDr. Milan Tdma and Mgr. Jifi Vrbicky, Ph.D. for the critical reading and helpfull
suggestions.

RNDr. Eva Vaviikova

Ostrava, August 2005



NOTATION

To facilitate the orientation in the text of the textbook, we give an overview of the most
frequently used notation.

Notation:
AB,C,.. points
a,b,c,... straight lines
a, B, p,... planes
Zp, LABC | ZLkh angles
T = (x, y) plane defined by a pair of lines
Aea,Bep,acp,M¢p symbols for incidence
g||x, a || a parallelism of lines, planes
alb,alnx perpendicularity of lines, planes
P=bne, intersection point of two lines
X=7aNV intersection line of two planes
k=(S;r) circle with the centre S and the radius »
|AB, Api, Ap| distance of two points, a point and a line etc.
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1. CONIC SECTIONS

Conic section is an intersection of a cone with a plane. A plane containing a vertex of
a cone gives us a singular conic, a plane not containing a vertex of a cone gives us a regular
conic.

Conic sections are: a circle (C), an ellipse(E), a hyperbola(H) and a parabola(P). C, E
and H are called central conic sections.

The tangent line of a conic section is a straight line that has only one point (point of

contact) common with a conic section. The other points of the tangent line are external points
with respect to a conic section.

The normal is the straight line passing through the point of contact M of the tangent
line and it is perpendicular to the tangent line at this point.

REGULAR CONIC SECTIONS
1.1 ELLIPSE

Ellipse is the set of all points A/ in the plane whose distances from two fixed points
E,F ,E # F (foci of an ellipse) have a constant sum 2a,2a > IEFi See Fig. 1.1.

Fig. 1.1

E.F .. focus

A,B ... major vertex

C, D ... minor vertex D

S ... centre

AB =0, ... major axis, AS} = |BS| = )EC‘ = ‘FC| =..=a ... length of the half major axis
CD =0, ...minor axis, |CS | = }DS] =b ... length of the half minor axis

|ES| =|FS|=e ... eccentricity
t ... tangent line in M
a’> =b>+é



1.1.1 Basic Properties of an Ellipse

e The tangent line passing through the point M (an arbitrary point of an ellipse) bisects the
angle ZEME between straight lines ME,MF . The normal bisects the adjacent angle
ZLEMF .

e Let E, E' be symmetrical with respect to the tangent line 7. Then |E 'F | =2a . It means

that all such points £’ symmetrical to £ with respect to all tangent lines are lying on the
circle k = (F = Za). For F' similarly. % is called a directive circle.

e Let K be an intersection of tangent line ¢ with a straight line EE', (EE' L¢). Then
]KSl = a . It means that all such point K are lying on the circle / = (S P = a)‘ !/ iscalled a
vertex circle.

e Let £, E° be symmetrical with respect to the tangent line ¢. Then straight line E'F
intersects the tangent line ¢ in 7, where 7 is its point of contact with the ellipse.

1.1.2 Constructions of an Ellipse

If we know the foci £ and F of the ellipse and the real numer 2a, 2a> |EF l , We can
construct the curve by means of the definition, see Fig. 1.2.

Fig. 1.2

One of very simple construction is the triangle construction. Draw circles on the
major and minor axes using them as diameters and draw any diagonal MN passing through
the centre S. From point M draw the line m parallel to the minor axis and from point N the
line n parallel to the major axis. The points of intersection of lines m and » are points on
the ellipse. See Fig.1.3.
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An ellipse can be quickly drawn by means of a trammel when the length of the major
and minor axes are known. Let 0,,0, be axes (lines) of an ellipse and a,b be length of half

major and half minor axes. Let KLM be a triple of points on a line such that IKL| =hand



|KM | =¢g. Ifpoint L is situated on line o, and point M is situated on line o, then point K

is on the ellipse with the major axis o, and the minor axis o,. If point K is not located

between points L,M then the construction is called Short Trammel Construction, if point
K is situated between points L,M we speak about Long Trammel Construction. See Fig.1.4

Fig.1.4
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The Trammel Construction we use for the projection of a circle in Monge Projection. It helps

us to circumscribe the length of the half minor axis of the ellipse for which we know the
major axis AB and an arbitrary point M.

Example 1.1: Find the minor vertices of the ellipse, when the major vertices and one point of
the ellipse are given.

Solution: Let AB be the major vertices of the given ellipse and M its arbitrary point.
AB =0, and |AB’=2a. Then we find S and o,, 0, Lo, and we draw a circle

k=(M;r=a). Let denote by K and L the intersection points of the circle k and the minor
axis o0,.Let P be an intersection point of line KM with 0,and @ be and intersection point
of line LM with o,, then it holds that |MP|=|MQ|=b, where b is the length of the half
minor axis. Then we can construct the minor vertices. See Fig.1.5

"}
Fig.1.5 K
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Knowing the vertices of an ellipse we can construct the osculating circles which
osculate the ellipse at vertices. Fig.1.6 shows the construction of the centres of osculating
circles. Let 4, B, C, D be the vertices of the given ellipse. We construct the rectangle ASCE
and the straight line p passing through point E perpendicular to the diagonal AC. The line
p intersects the axes of the ellipse at the centres 7,2 of the osculating circles. Similar
construction without perpendicular line to the diagonal is shown in Fig.1.7.

EN T T

Fig.1.6 a C Fig.1.7
b .

Y
"\

i 45 4

s 0\
N




Diameter of an ellipse lies on a line passing through the centre S of an ellipse and is
bounded by intersection with the ellipse. Two' diameters MN, PO are called conjugate
diameters if tangent line at end-points of one diameter are parallel with the other one, see
Fig.1.8. 12 3 4 is a tangent parallelogram, circumscribed to the ellipse. The only one pair of
perpendicular diameters of an ellipse consists of the axes of an ellipse.

Fig.1.8 Fig. 1.9 P
2 1 \ 2
S
M N

We obtain for a circle: Let MN, PO be conjugate diameters of a circle. Then MN L PQ. ]2

3 4 1is a tangent square circumscribed to the circle, see Fig.1.9. It means that conjugate
diameters of a circle are orthogonal.

Finding the Axes to an Ellipse with Given Conjugate Diameters (the Rytz's
construction).

There are given conjugate diameters MN and PQ . We draw a circle k& with S as
the centre and MN as the diameter. Draw a line m passing through S perpendicular to M.
Line m intersects the circle k£ in a point L. Draw the line LP (points L and P lie in the
same half-plane determinated by the line MN) and construct the centre O of segment LP.
The circle [ with the centre O passing through the point S intersects the line LP in points
I and 2. Then the major axis lies on the line /S and the minor axis lies on the line 2S and

|2P|=[1L| = aand [IP|=[2L|=b. See Fig.1.10.

Fig.1.10
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Example 1.2: Find the tangent of an ellipse parallel to a given line
Solution: The major vertices 4, B and the minor vertices C, D of the ellipse and an arbitrary

straight line s are given. Find foci E, F (IC'E‘ = |CF | = a). Draw a straight line m passing
through the focus E perpendicular to 5. Then draw the circle & = (F,r = 2a)- the directive



circle. The intersections of m with k are E’, E”". Draw a straight lines ¢, ¢" - points EE~
are symmetrical with respespect to 7 and E, E'" are symmetrical with respect to ¢". Then
construct a straight line E°F and find 7 as its intersection with ¢. Similarly for £""and ¢".
Points 7,7" are points of contact of tangent lines ¢ ¢” with the ellipse. See Fig.1.11. If E" or
E7"is too far from S, we can construct only the accessible one and find the tangent line for it.
The other tangent line is symmetrical with respect to S,

This problem we can also solve by finding points K, K~ as an intersection of m with
the circle [ = (S,7 = a) - the vertex circle. Tangent lines are £,K e/, and 1, K'e " parallel to

s. See Fig.1.12.

. TN
Example 1.3: Finding the tangent of an ellipse, passing through a given point.
Solution: An ellipse ¢ 1is given and A4, B, C, D are its vertices. M is an arbitrary point,
M ¢ g . Draw circles m = (M r = |ME|), k = (F;r = 2a) and find their intersection points E’,
E"". Then find ¢ as the axis of the symmetry of E, E” and ¢’ as the axis of the symmetry of

E, E" and find T and T’ similarly as in Fig.1.11. If £ or E"" is too far from S, construct
only one tangent line (for the nearer point) and the other tangent construct using circles

m'= (M;r = }MFD and k'= (E,r = 2a) as shown in Fig.1.13.

Fig.1.14 shows similar construction using K. Construct a vertex circle / = (S,r = a) and then
find O as a centre of segment ME. Then draw a circle m = (O, r= ’0M |) - Thalet circle. Find
K, K" as intersection points of / with m. Tangent lines are t = KM and t'= K'M.

Fig.1.13 Fig.1.14




1.2 HYPERBOLA

A hyperbola is the set of all points M in the plane whose distances from two fixed
points E,F,E # F (foci of a hyperbola) have a constant difference 2a,2a < iEF | See Fig.

1.20.
Fig. 1.20

E,F ... focus

A, B ... major vertex, C, D ... minor vertex, S ... centre
u,v ... asymptote
AB =0, ... majoraxis, |[4S|=|BS|=a ...length of the half major axis

CS|=|DS|=b ... length of the half minor axis,

CD =0, ... minor axis,
|ES \ = ‘FS ( = e ... eccentricity, | ... centre of the osculating circle

e’ =a* +b’
Basic properties of a hyperbola are similar as properties of an ellipse.

There are two important lines for the hyperbola whose are called asymptotes.

The asymptotes are the tangent lines of the hyperbola passing through its centre and
their points of contact are at the points at infinity (see page 11) of the hyperbola.

The construction of a hyperbola by means of the definition is shown in Fig. 1.21. The foci E, F
and the real number 2a,2a < ‘EF I are given.

Fig. 1.21
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1.3 PARABOLA

A parabola is the set of all points M in the plane that are equidistant from a given
fixed point F' (focus) and a fixed straight line d (directrix), F ¢ d . See Fig. 1.30.

Fig. 1.30
d ... directrix o
F ... focus

|dF| =|DF| = p ... parameter
V... vertex

v ... vertex tangent line d v M
1 ... centre of the osculating circle

’1V| =p N

The construction by means of the definition is shown in Fig. 1.30.

1.3.1 Basic Properties of a Parabola

* The tangent line passing through the point M (an arbitrary point of an ellipse) bisects the

angle between straight lines MF, MF",(MF’L d). The normal bisects the adjacent angle.

¢ Points symetrical to F' with respect to all tangent lines are lying on directrix.
e Let X be an intersection of tangent line # with a straight line FF’, (FF" Lt). All such
point X are lying on a straight line v, v ” d,V ev - vertex tangent line.

10



2. PROJECTIONS

Both engineering and technical graphics depend on projection methods which were
developed to represent 3-dimensional objects on 2-dimensional media (sheet of paper, screen
of computer,... ). The two projections mostly used are parallel projection and central
projection. Projection theory are based on two variables: line of sight (projector) and
projection plane. See Fig. 2.1, Fig. 2.2.

Fig. 2.1 S Fig. 2.2

£ \WNS®
l A \:Bl
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7 ... projection plane
s ... direction line of the parallel projection, s || 7
S

... centre of the central projection, S ¢ 7

s*,s% .. lines of sight (projectors)

s Lz ... orthogonal (orthographic) projection
s £ = ... skew (oblique) projection

Line of sight (projectors) is an imaginary ray of light between an observer’s eye and
an object. In perspective (central) projection all lines of sight start at one point S (the eye), in
parallel projection all line of sight are parallel.

Plane of projection 7 is an imaginary plane upon which the image created by lines of
sight is projected. The view (image) is produced by connecting points where lines of sight
pierce the projection plane 7. It means that a 3-D object is transformed into 2-D
representation, which is called projection.

Engineering graphics uses different projection methods. One group of such projection
methods is based on parallel projection (Monge projection, axonometry, oblique
projection,...). Linear perspective is a projection method based on central (perspective)
projection. Here we shall use only a parallel projection.

Points at infinity

Let’s assume that a pair (S;7z), S ¢ 7 determines a central projection in the Euclidean
space E°. Within projecting points we find out, that projectors of some points U are parallel
to 7z ( ‘U?Z":‘ST[
7. To overcome this difficulty, let’s assume the existence of a physically fictional “point
U,’, “ the projection of U in x. This new object is called a point at infinity. The
intersection of two parallel lines p and g may be thus expressed as png =U,_, and we say

that parallel lines have a common point at infinity. Exactly one point at infinity lies on any
ordinary line and one line at infinity lies on any plane.

), and then we are not able to find their intersections with projection plane

11



2.1 BASIC PROPERTIES OF A PARALLEL PROJECTION

e Projection of a point A isapoint 4", 4'ex, A4 || s.

e Projection of a straight line b, b"s is a straight line &’, which we obtained as
intersection of the projecting plane B of the line 4 with the projection plane.
Projection of a projecting line ¢, (¢ " s) is the point C". See Fig. 2.3.

e Projection of a plane p not parallel to s is the whole projection plane 7. View of
a projecting plane &, (& ” s) is a straight line 8 *, § = p° . See Fig. 2.4.

Fig. 2.3 Fig. 2.4

. \ T
P ... trace point of b \
p’ ... trace of &

o Projection of a pair of parallel non-projecting straight lines is a pair of parallel
straight lines

o Projection of a pair of parallel equal segments lying on the non projecting lines is a
pair of parallel equal segments.
Definition

Straight lines parallel to projection plane 7 are called principal lines. Planes parallel to
projection plane 7z are called principal planes.

2.2 PROPERTIES OF AN ORTHOGONAL PROJECTION

¢ Orthogonal projection shortens segments. It means that legth of the orthogonal
projection 4 B of asegment AB is less or equal to the length of 4B . We have

IA'B’\=]AB| cosQ,

where ¢ is the slope angle of the straight line 4B according to the plane 7. See Fig. 2.5.

!

Fig. 2.5




* Projection of a right angle
The right angle between non-projecting straight lines @, b is preserved by orthogonal
projection if and only if at least one of them is parallel to the plane 7 . Fig. 2.6.

Fig. 2.6. =
R £ Q
8 b/ |° o
A
-Rl
« ... projecting plane of a b‘
B ... projecting plane of b 7 €T
S ... projector of R ' ‘

See Fig. 2.6. Let us consider non-projecting stright lines a,b,a L & and let us suppose that a
is a principal line. Then a Lbna Lls=a lf,al frb'e B=>a Lb,when f=(bb).
Therefore a L b' And’ " a=>a 1b'.

¢ Projection of a circle
Projection of a circle & is a line segment (k lies on a projecting plane), a circle (& lies on
a principal plane) and generally it is an ellipse. See Fig. 2.7.

Fig 2.7
|KL|=|K'L’

2

M'N|=0 (KL =|K'L|,|MN| = |M "N

\ ¢ / K @L f
K L -

| I ;
. ?H” . J| q| /KH , ! ' M L, /
/ K "HMaN L T N .

T =S .

MN|>| MV \

K
ﬂ
it}

K=l
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3. MONGE PROJECTION

In the Monge projection we use the orthogonal projections on two mutually
perpendicular planes 7 and v. The plane 7 is horizontal and the other one is frontal. The line
x of intersection of projecting planes 7 and v is called folding line, x =7 v

The top view of an object in space is obtained by projecting it downward (or upward) into the
horizontal plane 7.
The front view of an object in space is obtained by projecting it backward (or forward) into
the frontal plane v.

The horizontal plane is then rotated about folding line x into the frontal plane v .
Resulting arrangement of view of the object in the plane v is called adjacent (principal) views
of the object, see Fig. 3.1. Frontal plane will be identified with the picture plane (screen, sheet
of paper, blackboard).

Fig. 3.1 ) v

L// // //

L xa L | X42

3.1 CARTESIAN SYSTEM OF COORDINATES IN MONGE
PROJECTION

We consider three mutually perpendicular planes: the horizontal plane 7z, the frontal
plane v and the profile plane u, which is perpendicular to the folding line x, see Fig. 3.2.

Point B is orthogonally projected on the planes 7z,v, 1 and we get its top view B,, front view
B, and the side view B,, see Fig. 3.2.
Fig. 3.2

z v

M

b’y / 5

I
J=a

Cartesian system of coordinates in the Monge projection is determined by coordinate
planes 7z,v,u. Axesare x=znNv, y=znu, z=punv and the origin O is the common

point of 7,v, . To measure coordinates, we choose a unit of measurement. Every point B
has three coordinates x, v,.,z, inthe coordinate system.
B B B
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x, is the oriented distance of B from the profile place 4,
y; is the oriented distance of B from the frontal place v,
z, is the oriented distance of B from the horizontal place 7, see Fig. 3.2.

3.2 ADJACENT VIEWS OF A POINT

a) The line connecting adjacent views B, B,, (B, # B,), is perpendicular to the folding line x.
b) The correspondence between points in the space and their adjacent views is a one to one

correspondence.
¢) Projecting lines of the point B, (B¢ n,B¢v), determine a plane o, which is

perpendicular to the folding line x, see Fig. 3.3.

tz, B
Fig33 |y v At
B 1
B 6 Z'B z B
0 ;f X_| 0 (] - X
/ | Xg 1,2.
- b/
-y__ - " -yB ‘“- //< N l “J B
\\\ J ~a Y1 Bq
~e 51 Adjacent views of B

3.3 ADJACENT VIEWS-OF A STRAIGHT LINE

P =bn o is the horizontal trace point, N = b v is the frontal trace point of the straight

line b.
a,f are projecting planes of b, a Lz, B Llv,(bcanrbc B). The adjacent views of a

line b (b L z,b L v) consist of a pair of lines, the top view &, and the front view b, . See
Fig.3.4.

Fig. 3.4 b\

X4,2

Adjacent views of b
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3.4 SPECIAL POSITIONS OF STRAIGHT LINES
See Fig. 3.5 -3.9.

3.4.1 Projecting Lines
The front view of the projecting line a,a L v is the point a,, the top view of the

projecting line b,b 1 7 is the point b,. See Fig. 3.5.

Fig. 3.5 ~ o, NN, b,
U{-‘N‘N,_ b ba
a | , .
1 AN I xf,?.
L) 1 *
G X
L P
G b2P=R a,
. Adjacent views
Fig.36. a Llxnafrnrafly
7 ) 4 N‘Nz
N=N,
a//le, 2, Q,
X
\ - X BN, 12
o 2N, I
P- P‘l ’ ! IT .P-"P1
' Adjacent views
3.4.2 Principal Lines (lines parallel to a projection plane)
See Fig. 3.7, 3.8.
. N - N} % h’-

Fig. 3.7 - +——

\17_ N=N 2 .
7 /_T‘_/T{Z x

I
|
i

h
fl’x
Hl 7 Pl
/ %\h oy

ar

 Adjacent views

h " 7 ... horizontal principal line ( A, || X5)

Fig.3.8 )
v Fz
¥7..
§!
PZ v X T\ f';/ x1,7.
P 1] /.f_ 7
EEAE> —F

T 1 -El .E' P“‘ R]

o Adjacent views
f || v ... frontal principal line ( f; || X 5)
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Fig. 3.9 v
g ) %)

e

>
S
>

12

Adjacent views
g |I x ... parallel to the folding line x

3.5 A PAIR OF STRAIGHT LINES

3.5.1 Parallels
Several pairs of different parallel lines are presented in Fig. 3.10. The top views of
parallel lines are parallel as well as the front views and one pair of views can be incident.

Fig. 3.10 0,° bz qu b?.

ﬂz

v b

\a\ \1\ o B
i x‘l F/l

2 i X 42,
u1 bLJ_ /.-// 0-'1

s }31
3.5.2 Intersecting Lines
A pair of any intersecting lines has the only one common point. Let us denote R the
common point of straight lines a, . As shown in 3.2 the line connecting the adjacent views
of any point R is perpendicular to the folding line x. See Fig. 3.11. It means that both top
views and front views of a and » have common points R,,R, and the line connecting the

piercing points of the views must be perpendicular to x.

X42.

Fig. 3.11

1
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3.5.3 Skew Lines

Skew lines are nonparallel lines that doesn’t have any common point. The adjacent
views of the skew lines may have some common points but it is not a pair of adjacent views
of a point, it means that the line connecting the piercing points of views (if both exists) is not
perpendicular to x. See Fig. 3.12.

Fig. 3.12
a
b, 2 b, .
/ - %,
7

'x112 X‘l 2

%m b%

3.6 ADJACENT VIEWS OF A PLANE

Orthogonal views of a nonprojecting plane p are projection planes. p” = pnN7w is

the horizontal trace of the plane p, n” = p v is the frontal trace of the plane p . In the

Monge projection a plane is given by adjacent views of its determining elements (point,
lines). See Fig. 3.13.
N

. n
Fig. 3.13 » 2

/ t § o
2

The top view of a projecting plane @,a L 7 is a line — its horizontal trace p*

S
P.“-_

The front view of a projecting plane f, 8 L v is a line — its frontal trace »” . See Fig. 3.14,
Fig.3.15.

Fig. 3.14

Pi=

18



3.7 A STRAIGHT LINE IN A PLANE

If the straight line a lies in the plane p and exist their trace points P°, N and
p”,n”, then the trace points P € p? AN e n”. See Fig. 3.16 — 3.18.

Fig. 3.16

= ~ R
SPECIAL LINES IN A PLANE

3.7.1 Principal Lines in a Plane
Adjacent views of the principal lines of the plane p .

Fig. 3.17 Horizontal principal line

2
nQ ’ v

777

h ' LNq X

. N
q N‘Nz h:. y 2 7. hz

ar

|
; M
= 3

Fig. 3.18 Frontal principal line
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3.7.2 Steepest Lines

The slope angle of the plane is the angle « that the plane o makes with the projection
plane 7. A line's in the plane having the same slope angle as the plane makes is called a
steepest line in the plane. The steepest line 's and the projection plane 7 make the greatest
slope angle. The steepest line 's in plane is always perpendicular to horizontal principal line
h, then top view 's, Lk, . (The situation is similar for steepest line *s, the projection plane

v and the frontal principal line f and its front view f,). See Fig. 3.19a, Fig.3.19b.

3.8 A POINT IN A PLANE

For construction of adjacent views of a point B lying in a plane p we can use any
straight line 5, B € b lying in a plane p . Principal lines are often used for this construction.

3.1 Example: Construct adjacent views of the points Be p and C e p.

Solution: The top views B, ,C, are given. We construct missing views by using horizontal
principal lines, see Fig. 3.20a), or by using frontal principal lines, see Fig.3.20 b). If front
views B,,C, are given, we can use similar construction.

Fig. 3.20 a) Fig. 3.20 b)
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3.9 ROTATION OF A PROJECTING PLANE INTO A PROJECTION

PLANE

See Fig. 3.21. We shall rotate plane o ,(0' 1 7z) into the projection plane 7 (or into a
horizontal plane "« || 7). The axis of the rotation is o, (or the horizontal principal line

h = a N o). The trajectory of the point B of the rotating plane ¢ is a circle, which lies in the
plane B perpendicular to the axis of rotation , its centre is B, = o, N  and has the radius

r= z,,see Fig. 3.21 a) (or r= ‘zB -z,

w,w L v,is similar, see Fig. 3.21 b).

Fig. 3.21 a)

Fig. 3.22

X12

3.2 Example: Construct the true length of segment AB.

), see Fig. 3.22 . Rotation of frontal projecting plane

Y
‘23 ZJJ (‘B) P1 =E=h1

Solution: We use the vertical projecting plane o,o L 7, passing through AB and rotate it

into 7 (orinto o " 7), see Fig. 3.23. ](A)(BX is the true length of the segment AB.

—— I | (®)
Fig.3.23 | * B, Fig. 3.24 /A\ 6
- / / \ n,
A VAR
g
Z
B/ ZA B x“z } Cl!l y
4 - 3
B‘(P)\ A'l '
| B,
-z 1 .
AV " = b,
\ / E
\_\ B &
(B):

3.3 Example: Construct adjacent views of equilateral triangle AABC lying in the projecting

plane 0,0 Lv.Side AB of the triangle is given.

Solution: We rotate the projecting plane & into v. Now we construct equilateral triangle
A(A4)(B)(C). Point (C) is rotated back into C, see Fig.3.24, problem has two solutions.
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3.4 Example: Construct adjacent views of the circle & = (S;r) lying in the projecting plane
o,0 L.
Solution:

1. We rotate vertical projecting plane o into .

2. We construct the rotated circle (k)= ((S),7)

3. We construct diameters (4)(B), (C)(D) of the circle (k) and rotate it back.

C,D,|=2r, because CD| z. The front
view is an ellipse with the major axis 4,8, (AB || v and then [ABl = lAsz‘ ) and the minor

The top view £, of the circle is the segment C,D,,

axis C,D,. We can see easily that the adjacent views of a circle in a projecting plane can be
constructed without rotation. See Fig. 3.25.

Fig. 3.25 nE' k )
S
G20,
4
B
| 2 X,
C N, ’
S=AsB,
AT
S )
(k) A=) Fo- b,

\ / ~. /
ﬁ@_/ﬁ( D)

3.10. ROTATION OF AN ARBITRARY PLANE INTO A PROJECTION
PLANE

It is obvious that the projection of an object lying in an arbitrary plane has another
shape and form. There are several methods how to construct a given plane object from certain
conditions or how to construct a true shape of a plane object if we know its adjacent views.
One of these methods is the rotation of this plane into a projection plane or into a plane
parallel to a projection plane.

Let’s rotate an arbitrary plane ¢ into a projection plane 7 . The axis of the rotation is

p° =0 . The trajectory of the point B of the rotating plane o is a circle £”. This circle
lies in the plane S, L p°. The top view of § is a straight line S, perpendicular to p° and
the top view of k£ is a segment of it. The centre of k% is O% = f ~ p and its radius is the
true length of the segment BO®. We construct the true length by rotation of the projecting
plane £ into z and the circle (kB ) intersects the line f, at the point B,. See Fig. 3.26.

The correspondence B, i B, is an axial affinity (see par. 3.10.1 ) with the axis plﬂ ,
points Band B, are the corresponding points. The correspondence used for rotation of an

arbitrary plane is an orthogonal axial affinity (B,B, L o"").
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Fig. 3.26 §

3.5 Example: Construct the adjacent views of the square ABCD lying in the given plane o .
The top views 4,,C,of the points 4 and C are given. see Fig. 3.27.

Solution: We locate front views 4,,C,. Then we rotate the plane o about the line p© into
projection plane z and find C using the last construction (C is more suitable for good
precision than B). Then we locate A, using the orthogonal axial affinity defined by the axis
p° =0"" and the pair of corresponding points C, = C,. P, is the double point of the pair of
corresponding lines 4,C, = 4,C,, A4, L o™ . We draw the square 4,B,C,D, . An inverse
procedure gives us D;: D, D, L 0" and we use the double point P". The projections of a

square is a parallelogram in both views. We draw the front view by means of horizontal
principal lines of the plane o .

Fig. 3.27
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3.10.1 Axial Affinity
An axial affinity in a plane is the corespondence defined by an axis of affinity (fixes
line) 0*F and a pair of corresponding points 4 +> A'( 0", 4, 4 "are lying in one plane).

Basic properties of an axial affinity:

e Let B and B’ be a pair of corresponding points. Then BB "AA "
e Let pand p’be a pair of corresponding straight lines. If p intersects the axis of affinity

0“F in the point P, then p” also intersects 0" in P. P is called double point (P can
be also a point at infinity).

3.11 A CIRCLE IN AN ARBITRARY PLANE

We suppose a given circle k lying in the plane o . This plane o is neither parallel to a
projection plane (we know that in this case one view of the circle is a circle and the second
one is a segment) and nor o is perpendicular to a projection plane (see par. 3.9). The general
situation modelled in Fig. 3.28 shows that the orthogonal projection of such a circle is an
ellipse. Its major axis lies on a line parallel to the image plane and contains the centre of the
circle. The half major axis is equal to the radius of the circle. In the front view the major axis
lies on the front view f, of the frontal line f passing through the front view S, of the centre §

and the vertices are points 74; and Ez_ , SZZ\ =

S, El = r . Similarly, the major axis of the
top view lies on the top view %, of the horizontal line /4 passing through S,

ISIAJ\ = |S1 B]\ — r . The minor axis in each view lies on a line perpendicular to a major axis.
This line is the steepest line in the plane o . Because point 4, and B, lie on the front view of

the circle and the point Z and E on the top view of the circle respectively, the circle can be
drawn by means of a trammel construction (see Fig. 1.5).

Fig. 3.28
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3.12 A LINE PERPENDICULAR TO A PLANE

The basic. property of the orthographic projection describes the orthographic
projection of a right angle. A line & is perpendicular to a plane o if and only if it is
perpendicular to all lines lying in this plane, so the searched line % is perpendicular to all
horizontal and all frontal lines in the given plane. According to par. 2.3 (projection of a right

angle) the projections of the right angle Zkkh, Zkf is the right angle £k h and the right
angle 2k, f,. p” | h and n° || f, then k, L p,” Ak, Ln,0 , see Fig. 3.29.

Fig. 3.29 Fig. 3.30

Xq2

i f
PEM‘N

3.6 Example: Draw a plane o passing through the point M perpendicular to the line .
Solution: We know that the line & is perpendicular to the plane o and then
k, Lh Ak, L f,. We choose the principal line f passing through the point A/ and find its

trace point P. We construct the trace p° passing through the point P2, (plg 1k ), and
n",(rzzCr 1k, ), see Fig. 3.30.

3.13 AN INTERSECTION OF TWO PLANES

For construction of an intersection line of two given planes we simply find common
points of these planes - for example intersection points of the traces, see Fig. 3.31.

Fig. 3.31

n® r n‘;
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3.7 Example: Draw the intersection line » of the two given planes p,o, (p ” X, O " X).
Solution: We can easily see that the intersection line # is also parallel to x. For the
construction we can use any arbitrary plane ¢ . We construct intersection lines a,a=anp

and b, b=ano.The point R, R=anb is a common point of these three planes «, p and
O, S0 nOW we can draw the straight line » parallel tox, R € r. Sce Fig. 3.32.

Fig. 3.32 Q
: p—n,
# n
% t
r
Rl 07. bq.- z
1 1
T [ | "‘;! r1 ‘l‘z
Ra , Q
= 7 P1
.Pi 3 0.1" b1 E
74 ‘
—— B

3.14 AN INTERSECTION OF A STRAIGHT LINE AND A PLANE

Let us assume two planes a, p and their intersection line » . We assume straight lines
lying in & . We can say that each of these lines intersects p in apoint lying in the straight
line r (if the line is parallel to p , it is also parallel to r, it means that the piercing point is
the point at infinity R_,R_ € r). See Fig. 3.33.

Fig. 3.33 <

3.8 Example: Construct the piercing point R between the given plane p and the line a.
Solution: First we construct any plane ,a — « , for easy construction we use o

perpendicular to a projection plane. Then we find the intersection line » between planes «
and p and finally we construct an intersection point R between the straight lines a and 7.

See Fig. 3.34.

Fig. 3.34 \

o
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3.15 SIDE (PROFILE) VIEW

In Monge projection we project orthogonally on two coordinate planes, horizontal
plane 7 =(x,y) and frontal plane v = (x,z). Often a third projection is used, an orthogonal

projection onto the plane u = (y, Z), which is called the side (or profile) plane, see Fig. 3.3.
Point A4 1s orthogonally projected onto x, we obtain the side view A, of the point 4. Side

plane is folded with the frontal plane v ( or with the horizontal plane 7 ), which means that
the side plane is rotated about z ontov. In this way we obtain a new view of the point A4,
denote it 4, and call it a side view of A4, see Fig. 3.35. We obtain a new pair of adjacent

views of the point A: the front view A4, and the side view 4,, for which 4,4, L z. The z
axis is the new folding line and the line connecting adjacent views is perpendicular to it.

Fig. 3.35
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4. ORTHOGONAL AXONOMETRY

Orthogonal axonometry (further an axonometry) is an orthogonal projection on
projection plane (picture plane) p, has general position with respect to the Cartesian

coordinate system (O, x, y, z), see 3.1 and Fig. 3.2, Fig.4.1.

Fig.4.1

Projectors are perpendicular to the picture plane p. Any point in the space is
represented by a pair of axonometric views: Axonometric view C?of the point C and

axonometric view C{ of its top view C, on the plane 7z = (x,y), see Fig. 4.2. (Instead of the

axonometric view of the top view can be given the axonometric view of the front view or the
side view and the other ones can be simply found). Projection defined this way determinates a

one to one correspondence between points C in the space and the pairs of points C*,CY in
the picture plane p.

Fig. 4.2: Axonometry of the coordinate box of C

Z\Q
T~
o _#7 T~ Cf_l
&ﬁ\ -~

All coordinates of points are shortened. Axonometric axes x“,y“,z" are axonometric
views of axes x, y, z. Vertices of the axonometric triangle AXYZ are points of intersection of
axes x,y,z with the picture plane p.Denote o = Lxp, S = Lyp,y = Lzp.
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4.1 PROPERTIES OF ORTHOGONAL AXONOMETRY

1) Axes x°,y°,z" contain altitudes of the axonometric triangle AXYZ , see Fig. 4.3.

Proof. From Fig. 4.1 we see that YZ L OO AYZ 1 XO=YZ L (XOO") and
vZ L(x00°)ax* L(X00%)= x* L YZ. Similarly XZ 1 y* and XY Lz°.

2) Axonometric triangle is acute.

Proof. We show that angle & = ZXYZ is acute, see Fig. 4.1. From the theorem on cosines for
triangle AXYZ we obtain |YZ|2 = \XY\Z +|XZ|2 - 2|XYHXZ|COS§.
From right triangles “AXY0, AXZO,AYZO we know that [vZ]" = |x7|" +|x2|" - 2|x0["

Comparison of these relation yields and therefore cosg > 0. Angle & is one of the angles in
the triangle AXYZ, it is acute.

3) Angles ¢,y,® between positive rays of axes x?,y%,z° are obtuse (90“ <@ <180° )
See Fig. 4.4

Proof. It follows from (1), (2).

Conclusion
Axonometry is given by axonometric axes or by its axonometric triangle AXYZ .

Fig. 4.3 Fig. 4.4
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4.2 CONSTRUCTION OF AXONOMETRIC UNITS ,../,.;,

(views of the unit j on axes).

Axonometry is given by triangle AXYZ , unit j is also given.
Solution, see Fig. 4.5. We construct axonometric axes x“,y“,z", see 4.1, 1) and their
intersection O°( Later let us denote x, y, z, O only). Then we rotate the plane 7 = (x, y) into
the picture plane p about the axis o = XY . Rotated origin O° must lie on Thalet circle (with
diameterd = XY and on the line OZ,0Z 1 XY . We obtain rotated axes x’ =0°X,y" = 0°Y .
The unit j apears on axes x°,° in true length. Unit ; on axes x°,y° is rotated back and we
obtain axonometric units j.,j,. To obtain j, - we must rotate the plane v = (x, z) in the

picture plane p by means the similar construction with the axis of the rotation o = XZ .

Remark: Using construction 4.2 we can construct axonometric view of coordinates of any
point and its coordinate box as well.

Fig. 4.5 z

¥\

\
Y \'
/ \
\
Y

4.1 Example: Draw the axonometric projection of the point C = [xc, yc,zc] in the
orthogonal axonometry given by the triangle AXYZ .
‘Solution: First we construct rotated axes x°,°,z° as shown in Fig. 4.5. and put coordinates
x¢,y%,z on them and we rotate them back. We obtain shortened coordinates on
axonometric views of coordinate axis x, y, z. We draw axonometric view of the top view C,
using the parallels with axis x, y (we call this point the axonometric top view). Then the point
C lies on the parallel to z-axis and ’CC,‘ =z (we assume all segments as oriented line
segments). If necessary we complete the coordinate box and find the axonometric front view
C, and the axonometric side view C,. See Fig. 4.6.
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Fig. 4.6

4.3 TYPES OF ORTHOGONAL AXONOMETRY

We can divide orthogonal axonometries into three groups according to the magnitude
of angles @,y ,w between axonometric axes, see Fig. 4.4.

When all three angles are unequal, the axonometry is classified as a trimetric projection.

When exactly two angles are equal, we speak about dimetric projection. For o =y =w we
obtain isemetric projection (isometry).

4.4 ISOMETRY

4.4.1 Properties of Isometry
» 1) The axonometric triangle AXYZ is equilateral .

2) For angles between axonometric axes we have ¢ =y = @ = 120°.
3) Lengths of segments on axes are shortened by ratio 1: \E ;

Proof. 4.1 (2), (3) yields properties 4.4.1 (1), (2). To prove (3) we observe Fig. 4.7, where
’OX | = ]OY ] = IOZI =a . Using right triangles A10Z and AXYO we obtain

/2
0°Z —a
| i L < B %ﬁo_g Fig. 4.7

'OZ’ a
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4.5 AXONOMETRY OF A CIRCLE LYING IN THE
COORDINATE PLANE

Draw a circle k = (S,7) lying in the coordinate plane 7 = (x,») in the orthogonal
axonometry given by the triangle AXYZ . See Fig. 4.8.
The projection of the circle is an ellipse. The diameter AB of tke circle is parallel to the
axonometric picture plane p and so is projected in its true length. The other diameters of the
circle are shortened by projecting, so the axonometric view of the segment 4B is the major
axis of the ellipse. So we construct the segment 4B centred at the point S parallel to X7. Its

lenght ‘AB} = 2r. Drawing two lines parallel to axes x, y passing through points 4 and B,

we obtain point M of their intersection. Because point M is located on the ellipse (the angle
ZAMB is aright angle, so the point M is located on the Thalet circle with diameter 4B and
its projection is located on the ellipse), we can use it for the construction of the half minor
axis by means of trammel construction, see. Fig. 1.5, Fig. 4.8. The ellipse may be drawn using
osculating circles. The construction of the circles in the other coordinate projection planes is
similar.

Fig. 4.8




4.6 AXONOMETRY OF A PLANE POLYGON IN THE
COORDINATE PLANE

Draw a square ABCD in the plane 7 = (x, y) in the orthogonal axonometry given by
the triangle AXYZ . Its centre S and point A are given, see Fig. 4.9. We rotate the plane
7 = (x, y) into axonometric picture plane p. We obtain rotated axes x°, y" and rotated origin
0° . We construct rotated point S° using parallels with x°,y° and we construct S as shown

in Fig .4.6. Point 4°we obtain either similarly like § ° or using the axial affinity (see 3.9,
3.9.1) with the line XY as the axis of affinity and S+> S°(or O+ O" ) as the pair of
corresponding points. Then we draw the rotated square A°B°C°D° . For construction of the

axonometry of the square we use the inverse procedure or the axial affinity. The axonometric
view of the square is the parallelogram ABCD.

Fig. 4.9
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4.7 AXONOMETRY OF AN ARBITRARY STRAIGHT LINE

Let a be an arbitrary nonprojecting straight line. The intersection of a with the
coordinate planes are called the trace points (the intersection with the picture plane p is

called axonometric trace point but it is not necessary for constructions here). See Fig. 4.10.
P=anmnnrn,n =(x,y), N=amv,v=(x,z), M=amnu,u =(y,z)

Fig. 4.10
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4.8 SPECIAL POSITIONS OF STRAIGHT LINES

Fig. 411 alz,bLlv,e L u

4.9 A PAIR OF STRAIGHT LINES

4.9.1 Parallels




4.9.3 Skew Lines

Fig. 4.15
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4.10 SPECIAL POSITIONS OF A PLANE

Special positions of a plane defined by means of traces, intersection lines of a given

plane and the coordinate planes, denoted by p“,n“,m* for a given plane « . See Fig. 4.16,
Fig. 4.17.
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4.11 A POINT IN A PLANE

Locate a point B, its axonometric top view is given, on the plane « . Verify the point
A is lying in the given plane « . See Fig. 4.18.
Solution: If a straight line lies in the plane then its trace points lie on the trace lines of this
plane. Locate the point B first. Assume a line *4® passing through the point B and lying in
the plane « . The axonometric top view *h’ passes through the point B, and it is parallel to

the y-axis. Find the trace points P and N on the trace lines p*,n® and draw the line *h® . We
locate the point B on this line, BB, | 2

The same procedure is used in the second case. The line *h" passes through the point 4, and
it is parallel to-the x-axis. We suppose the line 2h” lies on the plane a and we draw the
axonometric view 2a*, *h* || n®. The point A does not lie on " and so A does not lie

either in the plane « .

Fig. 4.18

4.12 INTERSECTION OF TWO PLANES

The intersection line of two planes is defined by the common points of trace lines as
shown in the Fig. 4.19.

Fig. 4.19
a Z




413 AN INTERSECTION OF A STRAIGHT LINE AND
A PLANE

Find the intersection point of the line g and the plane p.
Solution: The method of finding the common point of a line and a plane is described in 3.14.
Assume the plane a,a € a . The construction is easy when a is perpendicular to 7 = (x, y).
Then find the intersection line » =a M p as shown in Fig. 4.19. Construct the intersection
point R of » and a.(If aIIr then a|| ). See Fig.4.20.

Fig. 4.20 7 2
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