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1 INTEGRAL CALCULUS OF FUNCTIONS OF ONE REAL VARIABLE

1 Integral calculus of functions of one real variable

1.1 Indefinite integrals, antiderivatives

In the calculus of functions depending on one real variable we met very important objects,
derivatives of functions. We assigned to every function f(x) the new one, f'(x). The
preceding task has changed, now we try to find to every function f(x) a function F(x)
such that F/(x) = f(x). There is a question. Which function do I need to differentiate to
get original given function f(x)?

~ Definition

Let a function f(x) is defined on an open interval I. The function F(x) is called an-
tiderivative of the function f(x) on I if it holds F'(x) = f(x) for every x € I.

| J

~ Theorem

Let the function F(x) is antiderivative of f(x) on I, then any other antiderivative of the
function f(x) on I can be written in the form F(x) + ¢, where constant ¢ € R.

. J

~ Remark

If an antiderivative does exist, there are infinitely many antiderivatives which differ only
by a constant c. We know that if one construct tangent line at a point x to a given func-
tion, the derivative evaluated at this point is slope of this tangent line. The graphs of an-
tiderivatives are displaced parallel in the direction of the y-axis. Tangent lines to graphs
at the given points x are parallel (they have the same slope), i.e. they have the same
derivative.

1.2 Properties

~ Definition N

The set of all antiderivatives of the function f(x) on I is called indefinite integral of the
function f(x) an is denoted by / f(x) dx. Thus,

/f(X)dsz(x)+c, xel

~ Remark

 The function f(x) is called integrand.

¢ The expression dx is differential of x, for simplicity, it gives us information about
the name of independent variable. The meaning of this object will be discussed
later.

¢ The number c is called constant of integration.
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Properties:

Theorem

To every function y = f(x) continuous on the interval I there exists indefinite integral

/ f (x) dx which is again a continuous function on I.

The following very important theorem represents key properties which are necessary for
elementary calculations of indefinite integrals.

~ Theorem

If there exist two integrals / f(x)dx and / g(x) dx on I, then there also exist the inte-

grals of their sum, difference and multiple of the constant,

[ () £g(x)) dx = [ fx)dv+ [ g(x)dx
/k-f(x)dx:k/f(x)dx, ke R.

1.3 Elementary integrals

1. /de:c

X
2 n = -1
/xdx n+1+c, n#+-1,x>0
3 /exdx:ex—i—c
X ax
4, /a dlena—l—c, a>0,a#1
1
5. /;dx:1n|x\+c, x #0
6. /sinxdx:—cosx+c
7. /cosxdx =sinx +c¢
8 / 1 dx =tanx+c¢ x;ré(2k—i—1)E
' cos2x ’ 2
1
9. /,2 dx = —cotx+c¢, x#km
sin” x

10 / 1
' V1 —x2

1
11. /m dx = arctanx 4+ ¢

dx = arcsinx+¢, |x| <1

flx) .
12. /f(x) dx =In|f(x)| +¢,  f(x) #£0

13. /f(ax%—b)dx:%F(ax—l—b)—kc, a#0

6



1 INTEGRAL CALCULUS OF FUNCTIONS OF ONE REAL VARIABLE

_ 1 (ax+0b)"!
n —_——
13a. /(ax+b) dx PR +c, a#0
13b. /“Hbdx—%’lﬁb—kc, a#0
1 1
13c. / bd :E nlax+bl+c, a#0
1
13d. / +b)dx :—Ecos(ax—i—b)—i—c, a#0
13e. / s(ax+b)d :%sin(ax-l—b)—f—c, a#0
1 T
13f. = - =
3 / (ax atan(ax)+c, ax#(2k+1)2,a7é0
13g. / 21 :—lcot(ax)—kc, ax # krmt, a #0
(ax a
1
13h. / e x—arcsmd—i—c ’d‘<1 d=#0
. 1
13i. /mdx—aarctanajtc, d#0

1.4 Direct method of integration

Example 1

1 2
Calculate the integral / (7W + > sinx — m) dx

We need to integrate the sum of functions. We get the sum of three integrals,

1 2
73 5 /_ ) _/
/ vVxtdx + 2smxdx 1 xzdx

Constants can be factored out from the single integrals and the function Vx2 one can

1 1
7/x§dx+§/sinxdx—2/1+x2dx

Finally, we can find appropriate antiderivatives using formulas 2, 6 and 11.

. 2
rewrite as x3,

Result:

/(7\3/;+%sinx— 2 )dx:7

1
T2 —Ecosx—Zarctanx—l—c

=
UJIO1| wio

21 1
— 3\3/x5 — 5cosx—2arctanx—|—c.
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Example 2

—1 4
Calculate the integral / < 1 + = COSZX) dx.

Let us divide our integral into the sum of two integrals,

e2x
dx /—d.
/ex—l—l + 1 — cos?

For the integration of the first integral we use the formula a®> — b* = (a —b)(a +b), i.e

2x
e —1 (er)" -1 e* —1)(e*+1) N
= = = — 1 = X _ .
/ex+1dx / ex+1 / ex+1 dx /(e Jdx=e'—x+c
For the second integral using formula 9 and trigonometric formula sin® x + cos? x = 1 we
get
/ e —4/ x = —4cotx +c.
1 —cos sin’ x
Result:

2x
et —1 4
/(eX~|—1 +1—c052x> dx =e’ —x—4cotx +c.

Example 3

Calculate the integrals / e >¥tldy,

1
| ==

Solution for the integral / e ¥ ldx.

Integrand is of the form e“x+b, then we use linear substitution, the formula 13b, where

a = —3,b = 1. We can directly find an antiderivative .

Result:
/e—3x+1 dr — _%e—3x+1 s

The integrand is of the form , then we use the formulas 13 and 13h, where

a=3b=-1,d=2

Result:

/ ! dx = - arcsin 5 +c

V4—(Bx—1)2 3 2 '

Let us note that formulas 13a-13i are direct consequences of the formula 1. This formula
represents linear substitution ax + b = t.
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~ Exercise 4 N
Solve:
5 X v X
a) /(x 2x + 3) dx C) /1—|—c052x e) / 1 dx
b)/(\/}-l-\‘l/}) dx d)/ \/_+3 dx f /stx
sin? x

1.5 Integration by parts

If we integrate a sum or a difference of functions, we simply need to integrate every sum-
mand separately. But this is not true for multiplication of functions,

[ £ gx)dx £ [ fxydx- [ gx)dx

There is a natural question, is there any way how to integrate multiplication of functions?
Let us recall how to differentiate multiplication of functions,

(w-o) =v-v+u-d=uv=wo)-u v

/u~v’dx:u-v—/u’-vdx.

After integration we get

Theorem

Let the functions u(x) and v(x) have continuous derivatives on the interval I, then

/u(x) o' (x)dx = u(x) - o(x) — /u’(x) o(x)dx

The method is called integration by parts.

Note that the alternative expression

represents the same formula for integration by parts method.

The point is to consider a multiplication of two functions in such a way that one factor must
be differentiated and the second one integrated. The integration is not complete because
we replace the original integral by the new one. But the new integral is usually simpler
from the point of view of the integration and quite often it can be directly integrated.
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Typical integrals suitable for the integration by parts method

Let P(x) be a polynomial. The following categories of integrals can be solved by the in-
tegration by parts method:

/P(x)e"‘x dx,/P(x) sin(ax) dx,/P(x) cos(ax) dx

and

/P(x) arctanxdx,/P(x) In" x dx.

The fist group consists of integrals which can be integrated in such a way that for differ-
entiation we choose polynomials, every differentiation of a polynomial lowers its order, so
we can repeat the procedure until the polynomial becomes a constant.

For the second group, we have to differentiate the second factors.

~ Remark

Sometimes, it may happen that after the integration by parts we get an integral which
differs from the original integral by some constant factor,

/f(x) dx = h(x) +rx/f(x) dx,

where « # 1. By converting of both integrals to one side of the preceding equation we

get
1

11—«

h(x) + c.

REEE

~ Example 5

Calculate the integral / (—2x 4 3) cos 3x dx.

|

The integral is of the form / P(x) cosaxdx, thus we use integration by parts method,

where the polynomial P(x) is differentiated and the function cos ax is integrated.

u=-2x+3 v =cos3x
1
u =-=2 v:§sin3x
We get
2x +3 2x +3

/(—2x+3) cos3xdx = ——=

_9 _
3 sin3x—/?sin3xdx:—

3 sin3x + % /sin 3x dx.

We get simpler integral / sin 3x dx, which can be directly integrated,

/sinSxdx = —%cos3x +c.

Result:

—2x+3 2
/ (—2x+3) cos3xdx = XT+sin3x - §cos3x +c.

10
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Example 6

Calculate the integral / In? x dx.

The function In® x can not be integrated directly. We can use integration by parts method,
but at first we formally have to rewrite the integral in the following way, we need to add

the constant factor equal to one: / 1-In®xdx.

The scheme:
u=In%x =1
1
= zn_x V=X
X
We get

/ln xdx = xIn? x—2/xln—xdx—xln x—2/1nxdx.

The new integral / In x dx can also be integrated using integration by parts method, we

need to repeat the preceding steps,

/ 1
u == v=x
X
We get
/lnxdx:xlnx—/xidx:xlnx—/1dx:xlnx—x+c.
Result:
/lnzxdx = xIn”x —2(xInx — x) +c.
~ Exercise 7 N
Solve:
a) /(x2—3)sin2xdx ) /lnx e)/ Y dx
sin? x
b) /xezxdx d) /(Zx—l)lnxdx f) /exsinxdx

1.6 Integration by substitution

Substitution is the most important method for integration of functions. It has the same
meaning as integration by parts method. Our task is to simplify an integral as much as
possible to get directly integrable function.

Substitution of the type ¢(x) =

Theorem

Let the function f(t) has an antiderivative F() on an open interval ], the function ¢(x)
is differentiable on an open interval I and for arbitrary x € I holds ¢(x) € . Then the

11
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function F(¢(x)) is the antiderivative of the function f(¢(x))¢’(x) on I and holds

Jfo@) ¢ (x)dx= [ f(t)dt = F(t) + e = F(p(x)) +e.

From the previous theorem we see how the integrand must look in order to use the sub-
stitution method. It must be an expression that is composed of the product of a composite
function and a derivative of its interior component. The issue is that such product is not
always visible at the first sight, thus the integrand must be appropriately modified.

Algorithm:
e we choose the substitution ¢(x) =t

* the preceding equality must be differentiated ¢’(x) dx = dt

e in the integral / f(o(x))¢'(x) dx we replace ¢(x) by a new variable t and the expres-
sion ¢'(x) dx by dt

* we integrate / f(t) dt with respect to the new variable ¢

* we return to the original variable x

Linear substitution: ax + b =t
If the function f () has an antiderivative F(t), i.e. / f(t)dt = F(t) + ¢, then the following

relation is satisfied,
/f(ax+b)dx = %P(ax—kb) +c¢, a,beR, a#0.

Formulas derived from the above formula can be found on the page 7.

Example 8

Calculate the integral / x tan(x? — 2) dx.

For substitution we choose interior component of the composite function tan(x? — 2),

x2—2=t
2xdx = dt
1
= —dt
xdx 2d

We get

/xtan(xz—Z)dx:/tan(x2—2)-xdx:/(tant)-%dt: %/tantdt.

. sint
We obtained the integral / tan t dt which can be rewritten as / o5t dt.

12
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Notice that we see a derivative of denominator in numerator (up to a constant multiple),
thus the following formula can be used,

fl(x) , sint . —sint .
) X =l @l e = / dt——/ dt = —1In|cost| +c.

cost cost

We return to the original variable.

Result: .
/xtan(x2 —2)dx = ——1n|cos(x —2)| +c.

~ Exercise 9 N

Solve:

dx (3+1Inx)
Y /<xz+1)\/m 0 [

b) /excos(ex)dx d) / tar12x
cos

Substitution of the type x = ¢(t)

From the preceding substitution category follows that the integral / f(p(x)) ¢'(x) dx can
be rewritten by means of the substitution ¢(x) = t on the integral with a new variable

/ f(t) dt. Sometimes, it is necessary to choose a different approach and replace the origi-

nal variable by a new function. Consider that we have to calculate the integral / f(x)dx.
By means of the substitution x = ¢(t) and dx = ¢'(t) dt we try to replace the integral by

a new integral / f(@(t)) ¢'(t)dt. To find an antiderivative, the following must be satis-
tied:

e f(x) is continuous on (a,b)
o x = ¢(t) is strictly monotonic on (&, 8) and ¢’(t) # 0 is continuous on (a, B).

If both assumptions are fulfilled, then the inverse function ¢~ !(x) # 0 exists and t =

¢ (x).

~ Theorem

Let a function f(x) be continuous on an interval J, let a strictly monotonic function ¢(t)
have a derivative on I not equal to zero for every t € I and let it hold ¢(I) = J. Then

f(x) has an antiderivative F (qfl(x)> on J and it holds

/f(x) dx = /f(fp(t))fp’(t) dt = F (97'(x)) +c

13
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By means of the substitution method we usually integrate irrational functions.

e Integrand contains the expression v ax +b. We choose the following substitutions
ax +b = t" and dx = nt""1dt,

e Ifthe integrand consists of irrational functions with different roots Vax + b, "¥ax + b,
..., we choose the substitution ax + b = t", where 7 is the least common multiple of
the numbers nq, no, ....

* Integrand contains the expression \/ a2 — b2x2. The substitution is called trigonomet-

a a
ric because we set bx = asint or bx = acost,i.e. dx = —costdf or dx = —-sin tdt.

b b

Example 10

Calculate the integral / sinv/2x + 3 dx.

At first we need to cancel the root,

2x +3 =2
L 2 —3

2

dx = tdt

We get

/sin\/2x+3dx:/tsin\/t_zdt:/tsintdt.

New integral is of the form / P(t) sinat dt, which can be solved by the integration by parts

method.
u=t o =sint

u' =1 v = —cost
We obtain
/tsintdt: —tcost—l—/costdt: —tcost+sint -+ c.

We return to the original variable t = v/2x + 3.

Result:

/sin\/2x+3dx — /2% 1 3c0sV2x +3+sinvV2x 3+ c.

~ Exercise 11

Solve:
dx Vx
c) [evVidx
) /(2—|—x)\/1+x /
cot/x
b) / \/—;/— dx d) / arctan x dx

14



1 INTEGRAL CALCULUS OF FUNCTIONS OF ONE REAL VARIABLE

1.7 Rational functions

P
Every rational function of the form f(x) = %, where P(x) and Q(x) are polynomials of
arbitrary degrees can be expressed as
P(x)
= R ..+R
o) S(x) + Ry(x) 4 ... + Rs(x),

where S(x) is a polynomial and Ry (x), ..., Rs(x) are partial fractions.

Partial fractions are special rational functions. We specify two types:

A
(x — )’

kelN, o, AR,

where the polynomial x — « has real root « € R and

Mx+N  B(2x+p)+C

- /k N/ BICIMINI ’ R/ 2_4 0/
(x2+px+q)k (x2_|_px+q)k < p.q €< P q<

where the polynomial x? + px + ¢ has two complex conjugate roots.

Definition
P(x)

Q(x)
degree of the polynomial P(x).

Rational function

is called proper, if deg P(x) < deg Q(x), where deg P(x) is the

Partial fraction decomposition of proper rational functions
* find the roots of the polynomial in denominator
* make decomposition
e multiply the equation by the polynomial in denominator

e find the coefficient of decomposition by either comparative method or substitution
method or combination of both methods.

Example 12

xt 42

dx.
x—1 X

Calculate the integral /

The polynomial in numerator has degree equal to four, the polynomial in denominator
has degree equal to one. The function is not proper, we need to divide polynomials using
standard Euclidean algorithm.

15
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(x*+2): (x—1) :x3+x2+x—|—1+%
(=2

x> 42

(=)

x* 42

—(x? —x)

x+2

—(x—1)

3

442
/x + dx:/<x3+x2—|—x+1+i> dx.

We get

x—1 x—1
Result:

xt 42 xt 3 x?
L Y 43|y —1]+c
/x—ldx F 3Tyt Bln|x—1|+¢

Exercise 13

342
Express the rational function R(x) = 3; j_ { as asum of a polynomial and a proper

rational function.

Example 14

34 6x2+3x+2
Make partial fraction decomposition of the function R(x) _— —:: j_c ;—+x2—|—
x*+x X

We check that the given function is proper rational function. Indeed, the degree of the poly-
nomial in numerator is equal to 3, the degree of the polynomial in denominator is equal to
4. Thus, the given rational function is proper, 3 < 4.

Let us make partial fraction decomposition of the given proper rational function,

P46x?4+3x+2 x46x243x+2 A B  C2x+1)+D

R(x) = = =4 =
(x) x4+ x3 + x2 x2(x24+x+1) x o x2 x24+x+1

Note that it is better to use alternative expression of a partial fraction of the second type
from the point of view of subsequent integration.

We need to multiply the above equality by polynomial in denominator to find values of
constants A, B, C and D,

B 46x? +3x+2=Ax(x*+x+1)+B(x* +x+1) + (C2x +1) + D)x>.

16
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We use comparative method to find the values. We compare coefficients of both sides of
the above equation.

B4 6x*+3x+2=(A+2C)x> + (A+B+C+D)x*>+ (A+B)x+B

xXV: 2=8B = B=2
x': 3=A+B - A=1
¥ 1=A+2C = C=0
x*: 6=A+B+C+D = D=3
Result: . o 3
R =t et et
Exercise 15
Make partial fraction decomposition:
1 _ X 2x —1
D R() =L b)R(x)= O R(x) =

X3 — 4x2 + 4x (x =1)(x2+1) x3 — 4x

Integration of partial fractions with real roots in denominator

For simple roots:

/ A dx =Aln|x —a| +c.
X —u

For k-fold roots (k > 1):

A A
/ Goaf T AT T

Integration of partial fractions with complex roots in denominator

2
The integration of the fraction M leads to:
x>+ px+q
B(2x +p) 2
/mdfx = Bln|x —|—px—|—q! +C.
The integration of the fraction ——————— mustbe accompanied by conversion of the triple
X+ px+4q
x? + px + g onto the perfect square:
/—2 = dx:C/ dx :Earctanx+p/2+c,
x2+px+gq (x+p/2)24+1> 1 r
where
p2
r = q — Z

17
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Example 16

2
Calculate the integral / Zx; dx.
xX-+x—6

The function is proper. We decompose denominator onto root factors,

X2+ x—6=(x—2)(x+3).
Partial fraction decomposition:

xX+2 A n B
(x—2)(x+3) x—-2 x+3

Multiplying by (x —2)(x +3),
x+2=A(x+3)+B(x—2).

Substitution method:
x=2: 4 =5A = A=

x=-3: -1=-5B = B=

Q1 = Q1 i~

We obtain two partial fractions of the first type,

x+2
_— = - — d
/x2+x—6 : 5/ x=2 x+5 x+3 X

Result: 5
Example 17
—3x+1
Iculate the integral [ ————
Calculate the integra /x2+4x—|—4

The function is proper. We decompose denominator onto root factors,
X’ +dx+4=(x+2)>2
Partial fraction decomposition:

3x+1_ A, B
(x+2)2  x+2 (x+2)%

Multiplying by (x +2)?,
—3x+1=A(x+2)+B.
Combination of both methods:
x=-2: 7=8B
X: 1=2A4+B = —6=2A = A=-3

We obtain partial fraction of the first and second type,

—3x+1
d 7/
/x2+4x+4 / +2 X+ x +2)2
Result: 3 41 ;
—3x
————dx = =31 2| — —— .
/x2+4x+4 X 3ln |x+2] x—|—2+c

18
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Example 18

Calculate the integral / m dx.

The function is proper. We decompose denominator onto root factors, but the polynomial
has no real roots.

Partial fraction decomposition:
x B(2x +3) C
X2 +3x+4 x2+3x+4 i x2+3x+4
Multiplying by (x? + 3x + 4),

= B(2x+3) +C.
Comparative method: .
x': 1=2B = B=3
xX’: 0=3B+C = cz—g
We obtain partial fraction of the second type,
/ / 2x+3 3 1 dr.
x2—|—3x—|—4 T2 x2-|—3x-|-4 2) x2+3x+4

2
We rewrite denominator of the second integrand as (x + 5) + 1 using completing the

square method.

Result: 2 3
/xz-l-;cx—l—éld e +23x+4)_%7amtan%+c.
~ Exercise 19
Calculate the integrals
Y / X3 xz;z dx <) / x;i ~dx
9 | G o [B 2

1.8 Trigonometric functions

Integrals of the type / sin™ x cos" x dx, where m,n € Z

1. If at least one of the numbers m, n is odd, we use the substitution:
sinx = t, if nis odd,
cosx = t, if m is odd.

If both numbers are odd one can choose any of the preceding substitutions.
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2. If both numbers m, n are even and nonnegative, we use formulas for double angle:

sin? x — 1 —cos2x
-

2 1+ cos2x
Cos™X = ————.

3. If both numbers m, nn are even and at least one of them negative, we use the substitu-
tiontanx =t,x € (=7, 7%). Then

) t 1
sinx = ——, cosx = ———,
V14t V14t
1
x = arctant = dx= — dt.
1+t

Example 20

Calculate the integral / cos? x sin” x dx.

The integrand is of the type / sin™ x cos” x dx, where cosine has even power (1 = 2) and

sine has odd power (m = 5), thus we use the substitution:

cosx =t
—sinxdx = dt

We need to manipulate the integrand in the following way:
/ cos® xsin* xsinx dx = / cos? x(1 — cos? x)? sin x dx.

after substitution we get:

B2t
—/tz(l—tz)zdt: —/(t2—2t4+t6)dt: —— 42— —— 4o
3 5 7
We return to the original variable.
Result:
s .5 cos’x _cos®’x cos’ x
/COS xsin’ xdx = — +2 — +c.
3 5 7
Example 21
4
Calculate the integral / smgx dx.
cos® x

Integrand is of the type / sin” x cos” x dx, both powers are even and at least one of them

is negative, we use the substitution,

tanx =t
1
cos? x

dx = dt
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We rewrite the integrand:
4

sin® x 1 1 g sin?x+cos?x 1
/ dx—/tanx —x—/ta dx
cos® x cos? x cos? cos?x  cos?x
= /tan x(tan? x 4 1) 5— dx.
cos? x
After substitution we get
7P
H(E+1)dt = -+ — +c
/ (F+1) 7 * 5 *
We return to the original variable.
Result:
sint x tan”x  tan®x
/ g dx = c.
cos® x 7 5
Example 22

Calculate the integral / sin? x cos? x dx.

Integrand is of the type / sin” x cos" x dx, both powers are even and nonnegative, then we

use the formulas for double angle:

1-— 2 1 2 1
/sinzxcoszxdx:/( czos x> ( +C208 x) dxzzl/(l—COSZZX)dx.

Again we use the same formula for double angle:

1+ cos4x 1 1 cos4x
_ 2 i - _ Z
4/1 cos” 2x)dx 4/(1 > )dx 4/(2 > )dx.

Result: -
) 2 X S a4x
dx = - —
/sm x cos” x dx g o
Exercise 23
Calculate the integrals
.2
a) /sm x cos® x dx b) /sm6x dx Q) /cos4xdx
cos® x

Universal substitution X
tan= =t, x€ (—m,m)

2
x = 2arctant
2
dx =
TR
sinx = 2 cosx—l_t2
1412 1412

Universal substitution is suitable for integrals of the type
/ R(sin x, cos x) dx,

where R(u,v) is a rational function in variables u = sinx, v = cos x.
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Example 24

Calculate the integral / 3 dx
2+ cosx

Integrand is a rational function containing trigonometric functions, we use universal sub-

stitution: 3 3 5 6
/_—dxz/ > dt=/ —°_at.
2+ cosx 2+L—L_1€21+t2 3+ t2

Using general formula

1 1 X
/—dx: —arctan — + ¢
a a

a? + x2
we get:
/ —6 dt = _—6arctanL—|—c
3+127 /3 V3
Result: /3
_ 3t X
/ Z%—ﬁ dx = —2v/3arctan % +c
Exercise 25
Calculate the integrals
1 1
S b / d
3) /251nx+1 X ) 1+ cosx +sinx X

1.9 Irrational functions

Example 26

3
Calculate the integral / —dx.
& Sx—142

Integrand contains the expression v ax + b, we the use substitution:

2x—1=1¢
3

dx = Z#2 dt
Y= 3

We get:

[t a2
V2x—1+2 J 2(t+2)

We integrate an improper rational function, thus we have to divide:

9¢2 9 4 9 [t
P =2 (24 2 ) ar=2 (5 atvamitr2l) v
/2(t+2) 2/< +t+2> 2(2 Falnlt+ ’)“

Result:

3 o (Yx—12 _, .
—  dx == Y —2vV2x—14+4In|V2x—-1+2| | +c.
/\3/2x—1+2 2( 2 | |
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Example 27

Calculate the integral / V9 —16x2 dx.

Integrand contains /a2 — b2x2, we use the substitution:

4dx = 3sint
4dx = 3costdt

We get:

/\/9—16x2dx: 2/\/9—9sin2tcostdt: 2/\/9(1—sin2t)costdt: Z/3cosztdt.

We need to use the formula for double angle:

9 ’ 9 9 sin 2t 9 2sintcost
Z/Cos tdt—g/(1+c052t)dt—g(t+ > )+C_§(t+T)+C

9
=3 (t—l—sint\/(l —sinzt)) +c.

Result:

4 4 16x2 4
/\/9—16x2dx:§(arcsin—x+—x 1—£>+c:2arcsin?x+§\/9—16x2+c.

3 3 9 8

Exercise 28

Calculate the integrals

1+ 5x Jx 4—x24d
A [ g b)/x+ﬁdx c)/\/ x2 dx

1.10 Definite integrals, geometric interpretation

Let us consider a nonnegative bounded funtion f(x) continuous on the interval [, b]. It can
b

be proved that a definite integral / f(x) dx represents area of an planar region surrounded

a

by the graph of f(x), x-axis and the lines x = a, x = b.

For general function f(x) we are not able to find out area P yet. Let us try to suggest
how to calculate such area approximately:

1. We divide given planar region by lines parallel with y-axis onto smaller parts. It is
clear that area is given by the sum of areas of such smaller parts, simply by adding
them together. Denote area of a planar region by P. It holds: P = P; + P> + ... + P,,.
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2. We need to find out areas of single parts. These parts are bounded above by the
function f(x), thus we make an approximation. We replace these parts by rectangles.
We choose a representative of every single divided interval ¢; and in these points
we calculate function values. We use these function values to create rectangles and
simply calculate their areas:

P = (x1 —a)f(g1) + (x2 —x1)f(§2) + . + (b — x—1) f (Gn)-

3. Itis clear that the final value is not precisely area of the given planar region. The dif-
ference between area and its approximation is an error. If we consider more dividing
points, the error will be smaller. Area P will be obtained for infinitely many dividing
points.

1.11 Definite integrals, definition

~ Definition

n
If there exists a limit ( li_r>n Z P; =1 |, then we call this limit Riemann integral or Rie-
n—o0
=
mann definite integral or definite integral of the function f(x) along the interval [a, b].
We write

I= /bf(x) dx,

where the number a is called lower limit, the number b is called upper limit and the
function f(x) is called integrand.

| J

Remark

If a function f(x) is continuous on [a,b], then its Riemann integral does exist. After
generalization we get the following definition.

Definition

Let a function f(x) is bounded and piecewise continuous on [a, b], then f(x) has Rie-
mann integral on [a, b].

Calculation of definite integrals

For calculation of definite integrals we use Newton-Leibniz formula, which represents
relation between antiderivatives and definite integrals.
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~ Definition

Let F(x) is an antiderivative of the function f(x) on the interval I. Then for the numbers
a, b belonging to I we define Newton definite integral of the function f(x) with limits
a and b by the formula:

Remark

Newton integrable functions are also Riemann integrable. Not every Riemann integrable
function is Newton integrable.

1.12 Definite integrals, properties

~ Theorem

Let functions f(x) and g(x) be integrable on [a, ], then their sum, difference and con-
stant factor are integrable on this interval and holds:

/b(f(X)ig(x))dx = /bf(X) dxi/bg(X) dx,
/bk f(x)dx:k/bf(x)dx, ceR

.

Additional properties:

~ Theorem

Let f(x) and g(x) be integrable on [a, b], then it holds:

/uf(x)dxz
ff(x)d /f
x) dx </]f(x dx|,

b
if f(x) < g(x) Vx € [a,b], then /f(x) dx < /g(x) dx.
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The following property is suitable especially in the cases when integrand does not have a
uniform analytic formula on the interval [a, b].

~ Theorem N

Let f(x) be integrable on [a,b] and let ¢ be an arbitrary real number a < ¢ < b. Then
f(x) is integrable on the intervals [a, ¢] and [c, b] and holds:

/bf(x)dXZ/cf(x)der/bf(x)dx.

Even and odd functions

If a function f(x) is even on the interval [—4, a], then
a a
/f(x) dx = Z/f(x) dx.
—a 0
If a function f(x) is odd on the interval [—a, a], then

/uf(x) dx = 0.

Example 29

T
Calculate the integral / ((4 — x)? + cos 2x) dx.
0

Using properties one can represent the integral as a sum of four integrals:
7T 7T 7T 7T 7T
/(16— 8x + x? + cos2x) dx = 16/ dx —8/xdx+ /xzdx—l— /costdx.
0 0 0 0 0

All integrals are elementary, thus it is easy to find appropriate antiderivatives. Finally,
Newton-Leibniz formula is applied:

f f f f 31" [sin2x]”
16/ dx—8/xdx+/x2dx+/c052xdx:16[x]6r—4[x2]6[+ {?} + { > }
0 0
0 0 0 0

3 3

= 16(m — 0) — 4(77* — 0) + (%—0) +(O—O)=167r—47r2+%.

Result:
3

T
/ ((4 — x)? 4 cos2x) dx = 1671 — 47> + %
0
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~ Exercise 30

Solve:
2 1 1 x2
2 2\2
a) 1/(zax +1)dx b) /(3—x) dx 0 /H—Xde
0 -1

|

~ Example 31

1

4
tan x dx, /de.
-1

\N:i

Calculate the integrals:

Lt

First integral, [ tanxdx:

|
ol iy

The function tangent is odd on the interval [—F, %], thus the integral is null.

Verity:

-
Second integral, / > dx:
-1
The function %4 is even on the interval [—1,1], thus:
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~ Exercise 32

Solve:
1

2
5x
2
(x° + cos x) dx b) /12x2+1dx ) /22dx

a)

\
Lt} \»m

1.13 Integration by parts and substitution

Integration by parts for definite integrals

~ Theorem

Let functions u(x) and v(x) have derivatives integrable on [, ]|, a < b, then it holds

b b
/u(x) 0 (x) dx = [u(x) - v(x)]? — /u'(x) -o(x) dx.

Remark

We use this method in the same way as in the case of indefinite integrals. There is an ad-
vantage, we can evaluate antiderivatives due to ongoing calculation. The calculation
gets shorter and smoother.

Substitution for definite integrals

~ Theorem

If a function f(x) is integrable on [a,b] and strictly monotonic function x = ¢(t) has
continuous derivative ¢(t) on the interval [«, B], whereas ¢(a) = a and ¢(B) = b, then
it holds:

~ Remark

The calculation procedure and the notation are similar as in the case of indefinite inte-
grals, only new limits must be determined. There is an advantage, we do not need to
return to the original variable after substitution.

~ Example 33

2
Calculate the integral / In x? dx.
1

|
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Integrand is a composite function, let us try the integration by parts method:

u=Inx* =1

After the application:
2 2
/1nx2dx — [xInx?2 — /2dx —2In4—In1—2[x]> =2Ind4—2(2—1).
1 1

Result:

2
/lnx2 dx =2(In4-1).
1

~ Exercise 34

Solve:
1 V3
a) / (x+2)e"dx b) / x arctan x dx
0 0

| J

~ Example 35

7T
Calculate the integral / x cos x> dx.
0

| J

Integrand is in the form of a multiple of two functions, where derivative of interior func-
tion is directly the other function of the multiple (it differs up to a constant), we use the

substitution: )

x“ =t
2xdx = dt
New limits for ¢:
lower limit : 0—0*=0
upper limit: 7 77
After the application:
i 17 1 1
/xcosx2 dx == /costdt = —[sinif]{f2 = Z(sinm? - 0).
2 2 2
0 0
Result:
7T . 7-(2
/xcosxzdx = S
/ 2
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Example 36

8
X
Calculate the integral / —dx.
& 4 vVx+1+1

It is integral with the root. We use the substitution:

x+1=1+#
dx = 2tdt

New limits for t:
lower limit : 3~ vV3+1=2

upper limit: 8+— V8+1=3
After the application:

3

Ty C R B 27° 27 9 /8 4
Y dx= 2 —2 D dt=2 | D o (L2 (22,
3/\/x+1—1dx Z/tt+1dt /t(t ) dt [3 2}2 (3 2 (3 2))

2

Result:
8

/;d £
3\/x—i—1—1 3

~ Exercise 37

Solve:
F1+1 ;
a) / +x“x dx o) / xIn(x® +2) dx
1 1
5 2
b) / sin xy/cos x dx d) / arcsin 2x dx
0 0

1.14 Definite integrals, rational functions

Example 38

3
Calculate the integral / 7x+6 dx.
/ x2(x2+x+6)

The function is proper, we can make partial fraction decomposition. Denominator has two
complex conjugate roots and one double root equal to 0.

. . . 7x +6 A B C(2x+1) D
Partial fraction decomposition: 22+ x16) =Tt et 2 76 + 211t
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Multiplying x*(x* + x + 6)
7x 4+ 6 = Ax(x* + x4+ 6) + B(x> + x + 6) + C(2x + 1)x* + Dx?

Comparative method:

x> 0=A+2C = C:_%A = C:—%
2: 0=A+B+C+D = D:—g

x': 7=6A+B = A=l

x": 6=6B -~ B=1

3 3
7x+6 2x +1 3 1
1/x2(x2+x+6)dx / dx+/ dx 2/x2+x+6 x_§1/x2+x+6dx

3

= [In|x|]§ - Br — % [111(962 +x+ 6)]? _ 6 [arctan M]
1

1 V23 V23
1 1 6v/23 7v/23 3v/23
—1n3—§—|—1—§(1n16 ln8)—— <arctan 7 — arctan 7 ) .
~ Exercise 39
Solve:
V3 2
x+2 x—1
X2 b) / T dx
) 1/ x(x2+1) * / (x+1)

1.15 Improper integral of the first kind

~ Definition

Let a function f(x) be continuous on the interval [a, o), then the integral

/oo Flaydr = lim [ f(x)dx =

is called improper integral of the first kind. If L € IR, we say that the improper integral
is convergent. In the opposite case (L = oo or L = —oc0) we say that the improper
integral is divergent.

|
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~ Remark

* Quite analogously we define improper integral of the first kind on the interval
(—oo0,a].

* We integrate a bounded function on an unbounded interval.

e If a function f(x) is continuous on the interval (—oo,c0) and both improper inte-
grals are convergent for arbitrary number 4,

L = /af(x)dx, L2:7f(x)dx,

then .
/ f(X) dx = Ly + Lj.
~ Example 40
0 —1 %)
Calculate the integrals: / 1 dx / 1 dx / 1 dx
grass: / 1422777 x 1+x2 7

|

First integral:
Given function is bounded on the interval [0, c0), thus it is improper integral of the first
kind:

T , 1 L o o7
/ T2 dx = Clgglo T2 dx = Ch_)rglo ([arctan]g) = Ch_)rglo arctanc = .
0 0

Improper integral is convergent.

Second integral:
Given function is bounded on the interval (—oo, —1], thus it is improper integral of the first
kind:

-1

-1
... 1. -1
/ ;dx_CErElOO ;dx_CEIIloo<[ln‘xHC >
—00 c

= lim ([m(—x)];l) = lim (—In(—c)) = —co.

c——00 c——00

Improper integral is divergent.
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Third integral:
/1+x2 _/1 dx+/1
c
T
—CEIPOO Tpdrtlim fmdr=s+o=m
¢ 0

Integration domain (—oo,00) we divide appropriately into two parts. Note that the func-
tion is even, thus the improper integral on the left part of the interval has the same value
as the improper integral on the right part of the interval.

~ Exercise 41 N

Solve:
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1.16 Improper integral of the second kind

~ Definition

integral is divergent.

|

/bf(x)dxzcl_igl/cf(x)dx:L

Let a function f(x) be continuous and unbounded on the interval [a, b), then the integral

is called improper integral of the second kind. If L € IR, we say that the improper in-
tegral is convergent. In the opposite case (L = co or L = —o0) we say that the improper

~

~ Remark

(a,b].

~ Example 42

* We integrate unbounded function on bounded interval.

* Quite analogously we define improper integral of the second kind on the interval

e If a function f(x) has more points in which it is unbounded, we divide the interval
into corresponding number of subintervals such that every single subinterval con-
tains only one such point. If improper integrals are convergent on the subintervals,
the integral is convergent on the entire interval, we get it as a sum of partial values
of single integrals. To check divergence of the improper integral, it is enough that
at least one of single integrals is divergent.

1
Calculate the integral: /
0

|

X 4x
V1—ax2

The function is unbounded on the interval [0, 1), it is improper integral of the second kind:

1
/ X
s V1—x2

Substitution:

New limits for t:

After the application:
1
x
———dx =1
[ e dm
= lim
c—1-

c

dx = lim

1—x?>=t
—2xdx = dt
lower limit : 0—1
upper limit: ¢+ 1—¢?
c 1—c?
/ X dx = lim —1 dt
, VIi—xZ | o1 2 / Vit

(~vVi—a+1) -1

X ax
c—1- ; V1 — x2

= lim

c—1—
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Improper integral is convergent.

R I

~ Exercise 43

S X COs X

Solve:
a
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1.17 Geometrical application, area of planar regions

If a planar region is surrounded by x-axis, the lines x = a, x = b and the graph of a con-
tinuous non-negative function y = f(x), then area of such planar region is determined by
a definite integral, it is simply geometrical interpretation of definite integrals:

P = /bf(x)dx.

In the case that a function y = f(x) is negative on the interval [a, b], the definite integral
is also negative. Due to the fact that area must be positive for arbitrary planar region, we
need to add absolute value to guarantee positivity of the result:

Pzivuwnz—iﬂwm.

If a function y = f(x) is either non-negative or non-positive somewhere on the interval
[a,b], then we need to divide the interval on single subintervals on which the function
is only non-negative or non-positive. Then we calculate appropriate areas of such single
planar regions. Stress that negative results must become positive.

If a planar region is surrounded by graphs of two functions y = f(x) and y = g(x),
f(x) > g(x) on the interval [a, b], and the lines x = a, x = b, its area is given by:

b
P= [ (f(x)~ g(x)) dx.

In the case that we do not know integration domain, we have to find out x coordinates of
intersection points of both graphs, thus we have to solve the equation f(x) = g(x).

If a function f is represented by parametric equations x = ¢(t), y = ¢(t), t € [, B], where
the function ¥(t) is continuous and non-negative on [«, B] and the function ¢(t) has on the
interval [«, B] derivative ¢(t) different from zero and ¢(t) is integrable on [«, B], it holds for
area of a planar region surrounded by the graph of such function f on the interval [«, f]:

P=| [ et at).

o

Example 44

Sketch the graph of the function y = —x> + 5x + 2 and calculate area of a planar region
surrounded by this graph, x-axis and the lines
a) x=1,x=2, b) x=-2,x=—1.
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We sketch the region whose area we are looking for:

a)

We see that the function is non-negative on the interval [1, 2] (yellow area):

2
4 2
P:/(—x3+5x—|—2)dx: {—x—+5i+2x} = (—4+10+4— (—1+§+2)) ZE.
1
1

4 2 4 2 4
b)
We see that the function is non-positive on the interval [—2, —1] (green area):
-1 -1 -1
4 2
P = —/(—x3+5x+2)dx = /(x3—5x—2)dx = lxz—%—Zx]
-2
-2 -2

1 5 7
(1—54—2—(4—10—%4)) —1.

~ Exercise 45 N

Sketch the graph of the function y = In ; and find area of the planar region bounded by

this graph, x-axis and the lines:

a)x:% and ng b) x=2 and x=4
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Example 46
Sketch the graph of the function y = —x? + x + 2 and calculate area of a planar region
surrounded by this graph, x-axis and the lines x = -2, x = 1.

We sketch the region whose area we are looking for:

We see that the function changes its sign on [—2, 1], therefore we have to find area of the
planar region located below x-axis and above x-axis. At first we find intersection points
with x-axis on [—2,1]:

—1++v1+8
X1p = _—2+ = seeking intersection is x = —1.
p 7 5 d / 9 x> x? R !
——/2<—x +x+2) x+/1<_x +x+2> dx = |:§—7—2x:|_;— [—3—1-3—{—236]_1

1 1 8 1 1 1 1 11 10 31
= (—§—§+2— (—5—2+4))+(—§+§+2— (§+§—2>> —g'i‘?—g

Exercise 47

Find area of the planar region (draw the region) bounded by x-axis and:

a)y=x*-3, x=-2, x=2 b) one positive wave of y = sin x

[ Example 48
2

Find area of the planar region surrounded by curvesy = x* —x — 2,y = —x 4 2.
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We sketch the region whose area we are looking for:

The region is bounded above by the function y = —x + 2 and bounded below by the
quadratic function y = x*> — x — 2, we need to find out integration domain:
—x42=x>—-x-2 = x*—4=0 = X1 =-2,x=2
2 2 3 2
P= —/(—x+2— (x> —x —2))dx = /(—x2+4)dx = [—%+4x]
—2
—2 —2

8 8 32

~ Exercise 49 N

a) Find area of the planar region surrounded by curves y = e*,y = e *and x = 1.

b) Find area of the planar region surrounded by curves y = x> + 1, y = 2x*> — 3.

| J

~ Example 50

Find area of the planar regions surrounded by the parametric curve x = 2asintcost,
y =asint,t € [0, rT].

| J

We calculate a derivative of x = ¢(t) = 2asint cos t:
¢(t) = 2a(cos® t — sin®t) = 2a(1 — 2sin®t).
Result:

T

7T
P = |/ 24%(sint —2sin®t)dt| = |—2a%[cos t|T — 4a® | (1 — cos®t) sint dt
0
0

0
1 1 4
2 2( _ T _ (12 — 242
4a” + 4a ( 1—1—3 (1 3>>‘ 3a.

39
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We sketch the region whose area we are looking for:

~ Exercise 51 N

Find area of the planar region surrounded by the parametric curve x = 2t — %, y =
21> — 13, where t € [0,2].

1.18 Length of planar curves

~ Theorem N

If a function y = f(x) is defined and has continuous derivative on the interval [a, b],
then for length of its graph holds:

b
l:/\/1+(f’(x))2dx.

| J

Let us take a closer look on a more general case when a curve does not have to be the graph
of a function, e.g. it may be a trajectory of a point continuously moving in the plane. Such
curve is represented by parametric equations

x=g(t), y =),

where t € [&, B]. From the physical point of view length of a curve is a path along which
the point passes from time moment & to time moment . For length of parametric curves
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holds:
B

1= [ W2+ @)1

o

Example 52
[Find length of the curve y = arcsinx + /1 — x2for0 < x <1.

We sketch the curve whose length we are looking for:

y = arcsin(x) + V1 —x2, x € [0,1]

,,,,,,,,,, O P PP
We calculate a derivative and its square:
(f,(x))z_( 1 2 )2_1—x
VI—x2 2y/1—22 1+x
Result:
1 1—x ; 1+x+1—x 1 \/§
1= [\1+ dx:/\/ dx = | dx
1+x 1+ x 1+ x
0 0 0
1 1 171
2
:\/E/(l—kx)_flzdx:\/i ( —|—1x) —4-2V2.
0 2 0
Exercise 53
a) Find length of the curve y> = x° on [0,2].
b) Find length of the curve y = Insin x for g <x< g

Example 54
Find length of trajectory of a point passing from time moment t = 0 to time moment

t
t = /3 along the curve given by parametric equations x = 2, y = §(t2 —3).
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We sketch the curve whose length we are looking for:

We calculate derivatives:
o) = 2t
: 2-3 212
t) = =
Pl ==+

Result:

V3 V3 V3
t3
_ 2 4 _ n42 — 4 2 — 2 2 N _
l—/\/4t FRTEpY +1dt—/\/t ot +1dt—/\/(t +1) olt_[3 +t} —2V/3.
0 0 0

0

Exercise 55

Find length of a trajectory of the point passing from time moment ¢t = 0 to time moment
t = 2 along the curve given by parametric equations x = t°, y = 5%,

1.19 Volume of solids of revolution

If we rotate a planar region around x-axis, then rotation creates a body called solid of
revolution whose volume can be found by means of definite integrals.

~ Theorem

Let a function y = f(x) is continuous and non-negative on the interval [a,b]. Then
a solid of revolution created by rotation of the planar region surrounded by curve y =
f(x) and x-axis about x-axis has on the interval [a, b] volume:

V= n/f2(x) dx.

a

~ Remark

1. Analogous formula is valid for rotations about y-axis. If the planar region sur-
rounded by the curve x = h(y) and y-axis on [c,d] (this interval lies on y-axis)
rotates about y-axis, volume of the solid of revolution is given by:

V= n/hz(y) dy.

c
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2. If the solid of revolution is created by means of rotation of a planar region sur-
rounded by curves y = f(x) and y = g(x), whereas it holds f(x) > g(x), about
x-axis on [a, b], then volume of such solid is given by

b
V= n/ ‘fz(x) —gz(x)‘ dx.

~ Theorem

If a function f is represented by parametric equations x = ¢(t), y = (t), where t €
[, B], for volume of the solid of revolution created by rotation about x-axis holds:

p
v=m [¢(nlg)a

o

Example 56

Find volume of the solid of revolution created by rotation of the planar region sur-
rounded by the curve y = In x and x-axis on [1, ] about x-axis.

We sketch the planar region we are going to rotate around x-axis:

1
0.8
y=Inx, x €[1,e] 0
: 0.2
R R y 92
x=1 |x=e B
rrrrrrrrrrrrrr R RS S b 28

1 o ' E
,,,,,,,,,, __1$

Result:

e u=1In*x o =1
V= rt/lnzxdx:
1

e
= 77[xIn® x]§ —27t/lnxdx:
1

, 2Inx 1
x X
e
= 1te — 270 [xlnx]ﬁ’—/dx = e — 2me + 27t[x]{ = (e — 2).
1
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~ Exercise 57

surrounded by the curve y = v/2x — 3 and x-axis on [2, 3] about x-axis.

surrounded by the curve
y = 2|sin x| and x-axis on [0, 27t] about x-axis.

a) Find volume of the solid of revolution created by rotation of the planar region

b) Find volume of the solid of revolution created by rotation of the planar region

N

Example 58

Find volume of the solid of revolution created by rotation of the planar region sur-

rounded by the curves y = e*, y = —2e~* 4 3 about x-axis.

We sketch the planar region we are going to rotate about x-axis:

We find intersection points to get integration domain:

2 — 3e* 4 2%

= =0=2-3e"+e” =0,

2
—2e7x+3:ex:>e—x—3—|—ex:O:>

we use the substitution e* = t and solve the quadratic equation t* — 3t +2 = 0 = x; =

0, Xy — In2.
In2 In2
V=n / (—2e 7372 — | dx =7 / (4e~2% — 12~ 49 — ¢¥¥) dx
0 0

2x

In2
=7 [—Ze_zx +12e™* +9x — %} =m(9In2 —6).
0
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~ Exercise 59

a) Find volume of the solid of revolution created by rotation of the planar region
surrounded by the curves y = x%, y* = x about x-axis.

b) Find volume of the solid of revolution created by rotation of the planar region
surrounded by the curvesy = e*, y = x +2, x = —1, x = 1 about x-axis.

N

Example 60

Find volume of the solid of revolution created by rotation of the planar region sur-

. . 7T .
rounded by the parametric curve x = cos? t, y= sin’t, where t € [—, 7'(] about x-axis.

2

We sketch the planar region we are going to rotate around x-axis:

x = cos?t, y = sin® i
= ,Yy=sin"t, t € 2,7(

0.5 +
y 0
—05 F

We calculate a derivative of x = ¢(t) = cos® t:

¢(t) = —2costsint.

Result:

7T

V= —27T/costsin5tdt =

NN

Exercise 61

sint =u
costdt = du
T — 27 [ u’du
t = E =u=1

t=nm=u=20

H\..o

coooo—

1 gL
(el "SI S Ttopte s

=)

Find volume of the solid of revolution created by rotation of a planar region surrounded

1—t
by the parametric curve x =

1
1+¢Y " 11t

, where t € [0, 1] about x-axis.
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1.20 Lateral surface of solids of revolution

~ Theorem

Let a function y = f(x) be continuous and non-negative on the interval [a, b] with con-
tinuous derivative. Then for lateral surface created by rotation of the curve y = f(x)
about x-axis and its lateral surface area holds on the interval [a, b]:

b

5= zn/f(x),h 4 (f(x))2dx.

a
.

~ Remark

Rotation about y-axis:
d

S = 27r/h(y) 1+ (W(y))2dy.

c

~ Theorem

If a function y = f(x) is represented by parametric equations x = ¢(t), y = ¢(t), where
t € [a, B, for lateral surface created by rotation of such function about x-axis and its
lateral surface area holds:

p
s =21 [ 9O/ (907 + (124, () > 0.

o

Example 62

Find lateral surface area of the solid revolution created by rotation of the planar region
surrounded by the curve y = 21/x and x-axis on x € [0,2] about x-axis.

We sketch the planar region we are going to rotate about x-axis:

,,,,,,, 3 R
y =2y, t€[0,2 . 2
2 | 1
,,,,,,, 2 1t 0
: y 0t -1
~1t 2
-2 | 3
,,,,,,, 1 -3
i 4
3 2
: 0 2
: 22
% 012 34
i | X
1 T
0 1 2
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We calculate the second power of a derivative:

(v)? =2

x.

2 2 2
S:471/\/E\ll—l—%dx:4n/\/§1/x—£1dx:47r/\/x+1dx
0 0 0

- gn [(x+ 1)3}z = gn(\@— 1).

Result:

Exercise 63

Find lateral surface area of the solid of revolution created by rotation of the planar region
surrounded by the curve y = \/x and x-axis on [1,4] about x-axis.

Example 64

Find lateral surface area of the solid of revolution created by rotation of the planar region

T .
surrounded by the parametric curve x = cos’t, y = sin’t on [O, 5] about x-axis.

We sketch the planar region we are going to rotate about x-axis:

) 7T
x = cos’t, y= sin’t, t € [E' n} Ir ég
: 0.5 | 0.4
0
,,,,,,, - y 0 0.2
3 -0.4
: —0.5 F -0.6
3 -0.8
1t b
—(/\.
0 05 11 0 - !

We calculate second powers of derivatives:

(¢(t))* = 4cos® tsin® t

((t))* = 4cos? tsin® t

Result: - i
2 2
S = 27t/sin2 tV'8cos? tsin? tdt = 27I\/§/costsin3 tdt
0 0
sint =1u
costdt = du

1
1
=| t=0=>u=0 =2ﬂ\/§/u3du=ﬂ\/§[u4]0:n\/§.
0

T
t=—=u=1
> u
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Exercise 65

Find lateral surface area of the solid of revolution created by rotation of the planar region
surrounded by the parametric curve x = asin2t, y = 2asin® t on [0, 7] about x-axis.

1.21 Physical applications, mass center and moments

Let us consider a point A = [x,y] with mass m and arbitrary a-axis (line) in coordinate
plane. Denote r distance of the point A from a-axis. Moment about a-axis is given by

S, = mr.

Moment of inertia about g-axis is given by

I, = mr.
If we deal with coordinate axes x, y as axes of rotation then we get the following formulas

for moments

Sx=my, S,=mx, I= myz, I, = mx?.

Let us consider a system of n points A; with masses m;, i = 1,2,...,n. Then we have the
following objects

total mass of the system m= Z m; n—o m= nlgrolo Z m; = / dm
n n
moment about the x-axis Sy = Z miy; n—o00 Sy= nh_r>rc}o ; mpy; = /ydm
b
moment about the y-axis Sy = Z mix; n—oo Sy = nh_r>r010 Z mx; = /xdm

=1

1’1—>00

n
moment of inertia about the x-axis Iy = Y} my? n— oo I, = lim Z my? = / y*dm

7’[—>OO

n
moment of inertia about the y-axis I, = ) mMmix? 1n— 0o I, = lim Z m;x? / x“dm
i=1 a

[a,b] is a given interval, dm is elementary mass.

Center of mass T = [xT,y7] of the system of mass points is the point with the following
property: if one focuses entire mass of the system of mass points into this point T then its
moments about coordinate axes are the same as moments of the original system of mass

points. Thus
mxy = Sy, myr = Sy = xT:i,yT:é.
m m
From physics we know how to calculate mass m of an object, simply multiply density and
volume, m = p - V. For a planar region we have m = p - P, where P is its area. For a planar

curve it holds m = p - [, where [ is its length. Be very careful to use correct units.
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1.22 Homogeneous curves

~ Theorem

Let a curve is given by explicit equation y = f(x) with continuous derivative f’(x) on
[a,b]. Let density p of the curve is constant. Mass of the curve is given by

m:/bdm:p/bdl:p/b\/lJr(f’(x))zdx.

For moments about coordinate axes hold,

b

5, = /ydm:p/bﬂx) 1+ (F/(x)2dx,

Sy = /bxdm:p/bx\/1+(f’(x))2dx.

For moments of inertia about coordinate axes hold,

Ix—/yzdm—p/f 1+ ( f’( x))2dx,

I, = /xzdm:p/x2\/1+(f’(x))2dx.

Mass center coordinates, T = [x1, yT]
b b
5, XV dx [ Fv/TH (PGP dx
_ Yy _a =X _ 1
XT = m b s yT m

afw1+ (f'(x))2dx af\/ ()2 dx

W
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~ Theorem

Consider a curve represented by parametric equations x = ¢(t), y = () on [, B],
P(t) > 0. The functions ¢(t), (t) have continuous derivatives on [ac Bl, ¢(t) > 0. If
density p is constant, then the curve has mass

m:/ﬁdm:p/ﬁdl:p/ﬁ\/gi)Z(t)—i-t}?Z(t)dt

For moments about coordinate axes hold,
Sx—/ydm p/llJ t) +2(t) dt

%—/MmeWf §P(E) + 92 (1)

o

For moments of inertia about coordinate axes hold,
x—/yzdm p/tP +¢2()

@—/xsz/¢ §(1) + §2(1)

o

Mass center coordinates, T = [xT,y7|, XT = Sy/m, yT = Sx/m,

p p
;quv V@3 (E) + ¢3(8) di “flP(t)\/(Pz(f) + (1) dt
= , Yr = .

B B
“f\/§02 )+ ¢2(t) dt {\/(pz(t)ﬂﬁz(t) dt

XT

.

~ Example 66

Find center of mass of homogeneous half-circle represented by parametric equations
x =rcost,y =rsint, t € [0, 7).

|

We sketch the curve whose center of mass we are looking for:

x =rcost, y=rsint, t € [0, 1]
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We calculate derivatives:

¢(t) = —rsint, ¢(t) =rcost.

We calculate mass of the curve:

T T T
m :p/\/rzsin2t+rzcosztdt:p/\/rz(sin2t+coszt) dt :pr/dt = or[t)F = prr.
0 0 0

For moments about coordinate axes we have:

7T
Sx =p/rsint\/rzsinzt+r2cosztdt = pr?
0

7

sintdt = pr?[— cos t|F = 20r°

7T
Sy = p/rcost\/rzsinzt+72c0s2tdt = pr?

costdt = pr?[sint]] = 0.
0

O\:i O\ﬁ

Center of mass coordinates:

S 2
XT:_y_ 0 0 Sy 2pr 2r

T A

~ Exercise 67

N

a) Find center of mass of the homogeneous curve represented by parametric equa-
. 3
tions x = 2,y =t — g,te [0,/3].

xZ
Yy +2on[-2,2].

b) Find center of mass of the homogeneous curve given by f(x)

J
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1.23 Homogeneous regions

~ Theorem

Let a region is surrounded by the curves y = f(x), y = g(x), x =a,x = band f(x) >
g(x) Vx € [a,b]. Let density p of the region is constant. Mass of the region is given by

m= /dm p/dP ,0/ x)) dx.

For moments about coordinate axes hold,

b b

S:= [ydm =5 [(£(x)-g(x) ax,

a

b

Sy = /xdm:p/bx(f(x) —g(x))dx.

a

For moments of inertia about coordinate axes hold,

b b
L= [dm=E [(F) - ') dx,
b

I, = /xzdm :p/bxz(f(x) —g(x)) dx.

a

Mass center coordinates, T = [x1, y7]

b b
s Jrf@-gEds o () - gix) dx
y _a X a
T="1""0 YT ==
J(f(x) = 8(x) dx J(f(x) = 8(x) dx
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~ Theorem

Consider a region represented by parametric equations x = ¢(t), y =
the function ¢(t) has continuous positive derivative on [«, B], () > 0.
constant, then the region has mass

p p p
mz/dmzp/dP:p/tp(t)go(t)dt

For moments about coordinate axes hold,

p p
Se= [yam="2 [¢2(t)g(t) at

p p
S, = [xdm=p [ o(t)p(5)p(t)dt.

o

For moments of inertia about coordinate axes hold,

x—/yzdm_p/’ub

y—/xdm p/¢ J9(E)gr) i

Mass center coordinates, T = [xT, yy]

(#) on [w, B,
If density p is
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Example 68
[Find center of mass of the homogeneous region surrounded by curves y? = 4x, x = 2.

,,3,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,
,,2,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,
,,1,_% ,,,,,,,,, R RRRR REREE
y* = dx x =2
vl =2v7 —
y=+2Vx ) ]
— D NG
—3 ey R R Py
g(x) = —-2vx

We calculate mass of the region:

2 2
—p [vx - (-2vR)dv=p [avxdx =p3 [V = p3 V2
0

0

For moments about coordinate axes we have:

2
szg/(4x—4x)dx:0,
0
’ N 2 32
Sy = / (2v/x — (=2v/x)) dx—4p/x\/_dx—p5[ ] pg\/i
0
Center of mass coordinates:
S, pBV2 6 Sy 6
XT—%—p%\/E—g, yT—%—O = T—|:5,0:|

~ Exercise 69

a) Find center of mass of the homogeneous region surrounded by curves y = sinx,
y=00<x<r.

b) Find center of mass of the homogeneous region surrounded by the curve repre-
sented by parametric equations x = 4t> — 4t,y = —5t3 + 52,0 < t < 1.
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2 Differential calculus of functions of two real variables

2.1 Functions of two real variables, domains

~ Definition N

Let M # @, M C R?. By function of two real variables we mean a mapping

f:M—-R, M>3[xy —z=f(xy) €R

The set M is called domain of the function f and it is denoted by Dy.

| J

The set R? is a result of the Cartesian product of the set R with itself, i.e. R? = R x R.
Elements of IR? and also elements of the subset M are called ordered pairs.

~ Remark

e In analogy with the notation y = f(x) used for functions of one real variable, we
use z = f(x,y) for functions of two real variables.

* The variables x and y are independent variables. The variable z is dependent
variable.

¢ If the domain is not specified, we automatically mean that a function is defined on
the maximal admissible subset of R2.

¢ The definition can be easily generalized for functions depending on three or more
variables, simply by adding additional independent variables.

* An element of the domain M is called point. Usually we denote points belonging
to a domain by capital letters, A = [xo, yo)-

e The valuez = f(A) = f(xo,yo) is called function value.

Example 70

In(1—x)

The condition 1 — x > 0 ensures existence of logarithm = x < 1. The geometrical interpre-
tation of the preceding inequality is as follows. It is a halfplane with the border line x =1,
but points on this line do not belong to the domain, i.e. we use dashed style for this border
line.

Find and sketch the domain of the function z =

The condition 16 — x% — y2 > 0 ensures existence of the square root function, the condition

16 — x2 — y? # 0 guarantees not dividing by zero. These two conditions can be joined
into the one, 16 — x> — y* > 0 = x? + y? < 42, This inequality represents a circle with the
center at the origin and radius equals to 4. Points belonging to the border circle must be
excluded from domain, i.e. dashed style must be used.
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Finally, the domain is the intersection of both regions, yellow marked region on the picture.

K

7 AR
~~~~~ RIS
RIS
7 RRRIRAXKS
fffff 0092030030,
KRR
000900,
50RXRIRAXKS
fffff KRAEEE
LS
RESSRRIS
fffff K EIXS
IORERLIELS
fffffffff 2SRRI

Example 71
[Find and sketch the domain of the function z = /y sin x.

The condition ysinx > 0 guarantees existence of the square root function. The product
y sin x is non-negative if and only if both factors are non-negative or non-positive, thus

(y>0Asinx >0) V (y <0 Asinx <0).

Finally, we need to discus a solution of the inequalities sinx > 0 and sinx < 0. We are
looking for the points in which the sine function is either non-negative or non-positive.

siny >0 = xe |J[0+k2m m+k27]
keZ

siny <0 = xe |J[-m+k2m, 0+ k2n]
kez
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~ Exercise 72

Find the domain of the function:

a)z:,/2x+y f)Z:hl(Xy—4)

X+2y 5 Zyz )

b) z= — L +Vx2-1 z:arccos<2x 4+ —-1
)i 8 9
) z=In(y(2 —x)) h) z = y/cos(x —y)

Y w, B— 2.2
d) z=v16—x"—y i)z:arcsin—x +Z 5

1

e)z_arcsinxarCCOSZy z=y1-x24y+/1-x2—y

2.2 Functions of two real variables, graphs

Definition

Graph of a function of two real variables is the set

Gr = {[xy,z] € R*|[x,y] € D,z = f(x,y)}.

~ Remark

e ThesetG risa subsetin R?, G 7 C R3. Most often we work with such functions that
their graphs are represented by 2-dimensional surfaces in 3-dimensional space.

¢ To draw the graph of a function “manually” is difficult in general and mostly it
cannot be done. One crucial option for the visualization of graphs is to use inter-
section curves of the given graph with coordinate planes and their parallel planes,
especially with xy-plane.

¢ For the visualization of graphs one can use computers and appropriate software
(GeoGebra, Gnuplot, Maple, Matlab, WolframAlpha etc.).

¢ The graph of a function depending on three variables is represented by the surface
in 4-dimensional space IR*, called hypersurface. Such graph cannot be in our 3-
dimensional space visualized.
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2.3 Contour lines

Definition

Sections of the graph of a function z = f(x,y) and planes parallel with the coordinate
xy-plane are called contours or contour lines. By contour graph we shall mean the
projection of the contour lines into the xy-plane z = 0.

A contour line is a set of points belonging to the graph of a function with the same value.
One can meat contours especially on touristic maps (usually gray curves), where they rep-
resent the points with the same altitude. On the picture one can see surroundings of VSB-
TUO.

o A0 100 180 200 250 300 350m

112000, ® Seznamez as.
(o]

Example 73
Find contour lines (contour plot) of the graph of the function z = #
x +y-+1
We substitute z = k, where k € R.
5x
1. For k = 0 (int tion of th h with xy-pl t0 = 5—5— =0, th
or 0 (intersection of the graph with xy-plane) we get 0 PO = x =0, the

contour line is precisely y-axis.

2. For k # 0 we get

5x 5x 5x
k=—"" = X2y i1="" = 221211 =0
PR Xty + p X k+y+
O S S
%) TV Tme T n
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The contour lines are circles but only in the case, where right-hand side of the equation is
positive,
25 25 25 5

12 1>0 = 4k2>1 = 25>4k = k<4 = |k|<2

5 5
- ke (-20)0(02).

3. Fork = ﬂ:g holds (x T 1) + y? = 0. We get as contours two singular circles, points [1, 0]
and [—1,0].

Exercise 74

Find contour lines of the graph of the functions

2 _ 2.2
a)z=x2—|—y2—4 b)z:x_Z+1 C) z=Xx7Y

2.4 Limits, continuity

Limits and continuity of functions of two real variables are defined just like in the case of
functions depending on one real variable.

Definition

We say that a function z = f(x, y) has in a cluster point (accumulation point) P = [x, yo]

limit a € R, if for every € > 0 exists § > 0 such that for every X € ((’))(5(P) holds
|f(X) —a|] <e.

The notion neighbourhood of a point is slightly generalized. In the case of functions de-
pending on one real variable, it is an open interval. In our situation, functions depending
on two real variables, it is an open circle (circle without boundary).

The neighbourhood (095(P) is a set called punctured neighbourhood at the point P, it is
an open circle with the center at P, radius is equal to 6 and P does not belong to this
set.
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Definition
Let U C R?, a point P € R? is called cluster point of the set U, if its every punctured
neighbourhood (%(P) has non empty intersection with U, O (P)NU # .

On the following figure, the points X and Y are cluster points of the set U. The point Z in
not cluster point of U.

-~
7z \\ ’———\\
’ -
! Y \l g ll\\
| ,O‘\\/ L \
\ 7 '~ 7z \
LS ~ s
7~ _7 S -7 |
- - 1
/ PPN i
1 P 0 -7 1 / x
I / N\ e \ 4
! s -7~ 4
I\ |_XO | _-7 // NN
\ \\ / ,’, \Zo |
N ~_z-- \ /
Se__-- ~_-

In the case of functions depending on one real variable, if one wants to calculate the limit
at a point, it is enough to study behaviour of a function along left respective right part of
appropriate neighbourhood. In our situation, the neighbourhood is an open circle, thus we
have infinite possible options how to tend to a given limit point.

In general, limits of functions depending on two real variables can be solved by direct sub-
stitution of the limit point into the given function. There is a different task, try to proof that
the limit does not exist.

Notation:

lim f(X) =a, lim X,Y) =a.
X*Pf( ) [x,y]—>[x0,y0]f( v

~ Definition .

We say that a function z = f(x, y) is continuous at the point P = [xo,yo] € Dy if it holds

lim  f(x,y) = f(x0,¥0)-

[x,y]— [x0.y0]

A function is continuous if it is continuous at every point belonging to its domain.

. J

A function is continuous at a point if there exists a limit at this point which is equal to the
function value at this point.

~ Example 75 \

y(x+1)
X341

Find the limit of the function z =
2

at the point [—1, 0] and proof that the limit of

X . .
the function z = does not exist at the point [0, 0].
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

First part of the task,

yx+y _ 0, . y(x+1) lim y

[x/y}gfl—w] B+l 70 [x,y]gl[n—l,o] (x+1)(x2—x+1) - [yl —[-1,0] x2 —x + 1 -

In the second part of the task we need to prove that the limit does not exist. The limit does
not exist if its value depends on the choice of the way of approaching or changes for dif-
ferent ways of approaching to a limit point. However, if the limit does not depend on the
particular choice of way of approaching, then that does not mean that the limit does exist.

Let us try to tend to the limit point along lines passing the origin of the coordinate sys-

2
tem, y = kx, k € R. We substitute y = kx in the function z = o x’
Xy +y
x2 4+ x kx . X2+ x o o x24x

- 1
—lim — " —lim— """ —lim=-
xD0k2 L kx| xm0 k(x2 + x) 120 k7

i 0,y
lim =, =
[xy]—[0,0] Xy + Yy 0

the limit depends on the parameter k, for different values of k the limit is different, i.e. the
2

limit of the function z = i —:_; at the point [0, 0] does not exist.

2
,_yxty g= XX
x3+1 6 Xy +y 50
4 40
6 30
2 20
4 10
0 0
2 5 -10
0 B -20
2 -4 -30
z -40
-4 -6 -50
-6 4
3
X
~ Exercise 76 3
Solve,
a) lim w b) lim  sin(2x +y)
eyl=l2) X7 =2 eyl—=[5 %]
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

2.5 Partial derivatives

~ Definition

We say that a function z = f(x,y) has partial derivative with respect to x (of the first
order) at the point A = [x, yo|, if there exists proper limit

Of 4\ — 1irg £ (X0 F 1, 0) = f(x0,50)
T

Analogously, one can define partial derivative with respect to y,

of /v _ 1o f(xo,y0 +h) — f(x0,%0)
gy A) = him 7 '

~ Remark
* Notation: %(A), g—i(A), fx(A), fi(A), etc.

ox
. I of . df . . .
* Partial derivatives =— respective =— are again functions depending on two real

ox oy

variables.

e Partial derivatives of functions depending on three and more real variables can be
defined analogously.

¢ When we calculate partial derivative with respect to x, we keep y fixed and treat it
as a constant, i.e. such function is differentiated like the function depending only
on one real variable. For partial derivatives with respect to y we proceed in the
same way, we keep x fixed.

In fact, the calculation of partial derivatives of functions depending on two real variable
reduces to the calculation of derivatives of functions depending on one real variable. One
can use the same formulas and rules for differentiation of functions depending on one real
variable.

~ Theorem N

Let there exist partial derivatives of functions f(x,y) and g(x,y) with respect to x = x;
and y = x2 on Q € Dy N Dy at the point X. Then for every i = 1,2 holds,

(900 = L0+ (%),

A (X)-¢(X) — F(X) - 2(X
i(i) (X):axi( ) - &( g)Z(Xf)( ) 5 ( ).
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Definition

Pf_0
0x2  ox

of

ox

(@)

|

Pf_9
"oy? dy

of
dy

(

Partial derivatives of the second order of a function z = f(x, y) are defined as follows,

)

02 f _ 9
"0xdy 9y

02 f _9d
"oyox ox

of
ox

of
Yy

(&) - ayor (o)

The following Schwarz theorem describes important property of mixed partial deriva-

tives.

~ Theorem (Schwarz)

If mixed partial derivatives

they are at this point equal,

.

02 f
dxay’
0 f
axay(

A

02 f
dyox
)

are continuous at the point A = [xg, yo], then

2f

dyox (4).

2.6 Geometrical meaning of partial derivatives

Geometrical meaning of partial derivatives is the same as in the case of the derivatives of
functions of one real variable. It is the slope of a tangent line at the given point.

The plane o: y = yy is parallel with xz-plane (xz-plane is expressed by y = 0). The in-
tersection of the plane ¢ with the graph of the function z = f(x,y) is the curve x. Partial

derivative %(A), A = [x0,10], is a slope (tan &) of the tangent line t, to the curve « at the

point A = [xo, Yo,z0 = f (%0, Y0)]-

The plane v: x = xq is parallel with yz-plane (yz-plane is expressed by x = 0). The in-
tersection of the plane v with the graph of the function z = f(x,y) is the curve A. Partial

of

dy
point A = [xo, Yo, 20 = f(x0,Y0)]-

derivative == (A), A = [xo, 0], is a slope (tan ) of the tangent line f, to the curve A at the

4

/ A = [x0,Y0,20] l = [x0, Y0,20]
g N
| Yo, | A t
: L Y | A Bl Y
X0~ g SRR Xoy_ _____ S
wstall A = [x67Y0]
x/‘
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

Example 77

2

Find partial derivatives of the first order of the function z = x*sin?(xy?) at the point

[77,0].

We calculate partial derivatives with respect to all independent variables, i.e. with respect
to x and y. If we fix one independent variable, e.g. y, such variable is considered as a
constant ¢, the function z = f(x,y) becomes the function depending on one real variable
z = f(x,¢), and can be easily differentiated.

9z

ox

because the function z is differentiated with respect to x, the variable y is considered as
a constant. Our task is to differentiate multiplication of two functions depending on x, the
function x? and the composed function sin?(xy?), which must be differentiated in the fol-
lowing order of components: second power, sine function, xy?; in the expression xy? is y?
a constant factor, therefore we have to differentiate only x,

Partial derivative — of the function z with respect to x:

a_Z . i ) ) 2 2 i -2 2
5% Ox (x7) - sin“(xy”) + x ax(sm (xy7))
= 2xsin?(xy?) + x? - 2sin(xy?) - cos(xy?) - y* = 2x sin?(xy?) + 2x2y? sin(xy?) cos(xy?).

Jz

dy

differentiation is analogous, as a constant we mean x variable, again we differentiate a com-
posed function; x? is a constant factor, i.e. only second factor must be differentiated with
respect to y as a composed function with the following order of components: second root,
sine function, xy?; in the expression xy? is x considered as a constant factor, thus we differ-
entiate only 12,

Partial derivative — of the function z with respect to y:

g—; =x- g—;(sinz(xf)) = x? - 2sin(xy?) - cos(xy?) - x2y = 4x>y sin(xy?) cos(xy?).
Partial derivatives are again functions depending on two real variables and can be easily
evaluated at the given point by direct substitution:

0z 0z

~ Exercise 78

Find partial derivatives of the first order:

VXY

a) z =22+’ 0 z= (X +1y(x+1) ) 2= =)
b) z = sin(2x + y) d) z= % f) z = tan(In(xy))
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Exercise 79 N

Find partial derivatives of the first order:

242 at [1, —1] b) z = Inarctan y—x

| J

at [1,2]

a) z=

~ Example 80 N

Find partial derivatives of the second order of the function z = x¥ at the point [1, 1].

| J

At first, we need to calculate partial derivatives of the first order,

N . . . : 0z _
In the derivative with respect to x, we differentiate power function Fri ya¥y 1
0z
In the derivative with respect to y, we differentiate exponential function 3y = xYInx

To find partial derivatives of the second order, it is necessary to differentiate partial deriva-
tives of the first order with respect to x and y,

?z 9 [0z 0 _ _
T = e (5n) = e = vy

2
07z — i (a_Z) — i(yxy_l) = xy_l —|—yxy_1 lnx,

dxdy dy \dx/) 9y
9%z 0 [0z 0 1
— — [ =) = Z(x¥ — Y1 vy
Jyax o <8y) ax(x Inx) =yx¥""Inx+x >
%z 9 [0z 0
S22 == xylnx):xylnxlnx:xylnzx.
oy dy (a;,) ay(

Stress that in the case of continuous functions with continuous partial derivatives, the
mixed derivatives are the same according to Schwarz theorem. Indeed:

o’z —yx/ tnx+ xy1 =y Tinx+aVy =y Tinx+ 2/ 1=/ 4 yx/ lnx = o’z
dyox X 0xdy

Finally, the simple evaluation of partial derivatives of the second order at the point [1, 1]
remains,

0%z 0%z 0%z 0%z
@(1,1) =0, m(l,l) =1, W(l'l) =1, a—yz(l,l) =0.

Exercise 81

Find partial derivatives of the second order:

a) z = cot(x +2y) b) z = xelV V) c) z=uY

65



2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

Exercise 82

Find partial derivatives of the second order:

a) z=x*Inyat [3,1] b) z = ye_"y2 at [—1,1]
Example 83
4
Find partial derivative of the fourth order WazyZ of the function z = 2x%e¥ + sin(xy?).

We differentiate the function z according to single variables. We start differentiation with
respect to x, then again with respect to x and finally two times with respect to y.

g_i = 4xe’ + cos(xy?) -y = 4xe + y? cos(xy?)
0’z 20 ainvr2) . 12 4 i (a2
32 = 4+ (=sin(xy”) - y7) = de¥ —ysin(xy”)
3
aizgy = de¥ — [4y® sin(xy?) + y* cos(xy?) - x2y] = 4e¥ — 4y? sin(xy?) — 2xy° cos(xy?)
4
axazaz_yz = 4e¥ —[12y? sin(xy?) +4y° cos (xy?) - x2y] — [10xy* cos (xy?) 4 2xy° (— sin(xy?) - x2y)]

= 4e¥ —12y% sin(xy?) — 8xy* cos(xy?) — 10xy* cos(xy?) + 4x*y° sin(xy?)
= 4e¥ —12y? sin(xy?) — 18xy* cos(xy?) + 4x*y® sin(xy?)

Exercise 84

Af

Find partial derivative of the fourth order W

of the function z = In(2x + y).

2.7 Differentials

~ Definition

We say that a function z = f(x,y) is differentiable at the point A = [xo, yo], or it has
differential at a point, if its increment Az on the neighbourhood of the point A can be
expressed as

Az = f(xo+h,yo+k)— f(x0,y0) = Ah+ Bk +p - t(h, k),

where A and B are constants, p = vh? 4+ k? and limy, (9] T(h, k) = 0. The function
z = f(x,y) is called differentiable, if it is differentiable at every point belonging to its
domain.
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Theorem |

If a function z = f(x,y) is differentiable at the point A, then there exist partial deriva-
tives of the first order at the point A and it holds

_9f _9f
A= 5 (A), B=3(A).

~ Remark

The number h represents an increment on x-axis, k is an increment on y-axis and we
usually denote those increments by & = dx respective k = dy. For the increment on
z-axis at point A with known values of dx and dy we get

9 (A)dy +p - t(d, dy).

Az = af( )dx+ay

ox

~ Definition .

If a function z = f(x,y) is differentiable, the expression

d 0
dz =df(x,y) = %dx + édy

is called differential of the function z = f(x,y).

. J

Theorem
[If afunction z = f(x,y) is differentiable at the point A, then it is continuous at this point.

Theorem

If partial derivatives of the first order of a function z = f(x, y) are continuous at A, then
the function z = f(x, y) is differentiable (and thus continuous) at the point A.

2.8 Geometrical meaning of differential, formulas

Differential of the function z = f(x,y) at the point A with respect to known increments dx
and dy is an increment on the tangent plane to the graph of the function f at the point A.
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

X = [x,y,z]

~ Remark

e Differential of the function z = f(x,vy)

_of . Oof
dz = Jodv+ 5o dy.

Differential of the function z at the point A = [xg, Yo

az(4) = Z)- =)+ F ) -

Differential of the function z at the point A = [xo, yo] with respect to known incre-
ments dx, dy,

dz(A)(dx, dy) = %(A) -dx + %(A) -dy € R.

Differential of the second order of the function z = f(x,y)

o’ f o*f P’ f
2, _ 2 2
d°z = 8x2dx +26xaydxdy+ ayzdy .

* Approximate calculation of function values

f(x,y) = f(xo0,¥0) + df(x0,y0)(dx, dy).
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

Example 85

Find differential of the function z = f(x,y) = ,/xy at the point A = [2,1]. Calculate
approximately the function value f(2.04,0.99).

At first, we calculate partial derivatives of the first order with respect to x and y,

of _ Y of  «x
o 2xy 9y 2,y

For differential dz of the function z we have,

dz (ydx + xdy).

S Y IS W
BN AN W

We evaluate differential dz at the point A,

dz(A) = dz(2,1) = 2\1—@(1@ —2)+2(y—1)) = \/Ti(x 42y —4).

Note that differential at a point is a linear function depending on two real variables. For
approximate calculation of function values we need to find out increments from the point
A = [2,1] to the point [2.04,0.99],

dx=x—-x=204-2=004 dy=y—yo=099—-1= —0.01.
We calculate the function value f(A) = f(2,1) = v/2 and the value of differential

dz(A)(dx, dy) = d=(2,1)(0.04,~0.01) = - (1-004-2-001) = - 02— L 2 _V2

22 2v2 0 2y/2100 200

The approximate function value f(2.04,0.99) is

£(2.04,0.99) ~ f(A) +df(A)(dx,dy) = V2 + % =2 (1 + 2%0) .

~ Exercise 86 3

Find differentials of the first order

WX
b) z= log(x + 2y)

| J

a) z = tan(x* + ) ) z= (x* + %) sin(xy)

~ Exercise 87

Find differentials of the first order at the point

R S _ Y 11
a)z=e at [—1,2] b) z arc51nx+1at[,]
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Exercise 88

Find approximate function value of the function z = 3/x + y at [4.08,3.99].

| J

~ Example 89

Find differential of the second order of the function z = f(x,y) = i i_ 5 .
We calculate partial derivatives with respect to x and y,
of 1-(x—y)—(x+y)-1_ -2
ox (x—y)? (x—y)*’
of _1-(x—y)—(x+y)-(=1) _ 2x
Ay (x—y)? (x—y)?

We find out partial derivatives of the second order,

2
(L) -y ——we-p 1= L,

(x—y
*f _ 9 (i) :i( —2y ): —2(x—y)* = (=2y)2(x —y) - (=1) _ —2(x+y)
dxdy  dy \dx) dy \(x—y)? (x —y)* (x—y)*’
0 f :i<%) :i< 2x >:Z(x—y)2—2x~2(x—y)-1:—2(x+y)
ayox  ax \ay) ~ ax \(x—y)? (- CEE
2 X
22 (L) - st —n-da-p 0=

For differential of the second order we have

4y x+y 4x 2 5 5
d?z=—2 _dx*—4-"" _dxdy+ ———dy* = ——(ydx® — (x+v)dxdy + xdy?).
Gy Ty W o T oy e () ddyhxdy)
Exercise 90
Find differentials of the second order
a) z — Xy b) z = sin(5x + 2y)

xX+y

2.9 Tangent plane, normal line, Taylor polynomial

~ Theorem

Let a function z = f(x,y) be differentiable at the point A = [xo, yo]. Then, at the point
A = [x0,Y0,20 = f(x0,Y0)] there exists a tangent plane to the graph of the function
z = f(x,y) given by the equation

of

Ti2-20 = S (A)(x —x0) + 2 (A)(y — yo).
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

The line n perpendicular to the tangent plane and passing the point A is called normal to

the graph of the function z = f(x,y). Its direction vector is collinear with the normal vector
of the tangent plane, s, =1 = (%(A), %(A), —1).

~ Theorem

The normal line to the graph of a function z = f(x,y) at the point A is determined by
the parametric equations
of

0
n: x:x0+£(A)t, y:yo+£(A)t, z=z9—t, teR.

. J

~ Theorem

Let a function z = f(x,y) be at least (m + 1)-times continuously differentiable on the
neighbourhood A € Dy. Then, at the point X € O(A) holds

f(X)=f(A)+ dfl('A) + dZJ;(!A) 4+ 4 —dmi(!A) + R, where
B d’”“f(A—I—K(X—A))
R,, = CES] ,k€(0,1).

| J

~ Definition

The expression from the preceding theorem is called Taylor expansion of the function
f on the neighbourhood of the point A. The value R, is called Lagrange remainder of
Taylor polynomial. The polynomial

L34 Ef

oA

Tu(X) = f(A) 2! -

is called Taylor polynomial of m-th order of the function f at the point A. If A = [0,0],
we talk about Maclaurin polynomial.

| J

Example 91

Find the equation of the tangent plane and normal line to the graph of the function
z = f(x,y) = V2x — /3y — x at the point A = [2,3,?].

The point A is a tangent point, xo = 2, yo = 3, we calculate its z component, zgp =
f(xo,y0) = f(2,3) = =3.

We calculate partial derivatives of the function f,

of _v21 . 9f V31
2

ax 2 x ' oy

7

y

at the point A = [2,3],
0 1 0 1

o 2 a2
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

The equation of the tangent plane is
1 1
T:z+3= —E(x—Z) —E(y—3),

or in general form
T:x+y+2z+1=0.

For parametric equations of the normal line we get

1
—2_ ¢
: 2

1
n: y:3—§t, teR

z=-3—1t

z:\/ﬂ—\/@—x

~ Exercise 92

Find the equation of the tangent plane T and normal line 7 to the graph of the function

a) z = In(x? — 3y) at the point A = [2,1,7],

b) z = /x% + xy + 1 at the point A = [0,4, ?].

Example 93

Find Taylor polynomial of the second order of the function z = f(x,y) = 2x> — xy +
3y? +x — y + 1 at the point A = [1,1].

We calculate function values f(A), df(A) and d?f(A). Then we use the formula for Taylor
polynomial of the second order at the point A = [xo, yo] = [1,1].
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

f(A)=5

df(A) = (dx —y+D)|py(x = 1) + (=x +6y — )| 1(y — 1)
=4(x—1)+4(y—1)
=4x+4y —8

d*f(A) = Ay (x — 1% +2- (=Dlpyx =1y —1)+6pyy - 1)?
=4x® —8x+4—2xy +2x +2y — 2+ 6y> — 12y + 6
= 4x* — 2xy + 6y* — 6x — 10y + 8

4x +4y —8  4x? —2xy + 6y> — 6x — 10y + 8

1! + 2!
=5+ 4x +4y —8+2x* —xy +3y> —3x — 5y + 4
=222 —xy+ 32+ x—y+1

Ty(A) =5+

~ Exercise 94

Find the second order Taylor polynomial of the function

a) z = 3x%y + 4xy? + x> at the point A = [2, —1],

b) z = lnxl_y at the point A = [-2, —3].

210 Implicit functions
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Definition

~

Let a function z = F(x,y) be a function depending on two real variables. We consider
the curve

M = {[x,] € D¢ | F(x,y) = 0}.

Let A = [x0,y0] € Mbeapoint, O5(A) C R? is its neighbourhood, § > 0. If the equation

F(x,y) = 0 on the neighbourhood of A determines the function y = f(x) such that it
holds

F(x, f(x)) =0, ¥ [x,f(x)] € Os(A),

we say that the function f is on neighbourhood of A defined implicitly by the equation
F(x,y) = 0.

|

J

On the figure one can see a circle with radius equaled to 1 and with the center placed at the
origin of the Cartesian coordinate system,

On the interval (—1, 1) there are determined two implicit functions by the preceding equa-
tion, y = V1 — x? (upper half-circle) and y = —+/1 — x? (lower half-circle). At the point

[1,0] and [—1,0] the implicit function does not exist, every neighbourhood of such points
contains points lying on both upper and lower half-circles.

~ Remark

Not every equation F(x,y) = 0 represents unique implicit function.

~ Theorem

Let a function z = F(x,y) be continuous on the neighbourhood of the point A = [x, yo]

and F(A) = 0. Let F has continuous partial derivative g—g(A) at the point A and holds
%(A) # 0. Then there exist a neighbourhood of the point A such that by the equation

F(x,y) = 0 is determined unique continuous implicit function defined on this neigh-
bourhood.
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

~ Remark

The condition that the partial derivative of the function F with respect to y is not null is
only a sufficient condition for the existence of an implicit function. For example, from the

F
equation > — x = 0 follows F(x,y) = y®> — x and at the point [0, 0] it holds g—y(0,0) =

3y2|[0/0] = 0. Nevertheless, there exists the only one implicit function y = /x on the
neighbourhood of the point [0, 0], see figure on the left.

~ Theorem N

Let the assumptions of the preceding theorem be fulfilled. Let exist continuous partial
derivatives of the function F. The implicit function, which is given by the equation
F(x,y) = 0 on the neighbourhood of the point A, has the derivative f’ at the point x

and it holds

BF(A)

f(x) = ~ 2
@(A)

~ Theorem N

Tangent or tangent line f respective normal or normal line 7 to the implicit function y =
f(x) given by the equation F(x,y) = 0 at the point A are determined by the following
equations,

t S A =30 + 5 (A=) =0,
1 5 (A) (= x0) = S (A) Y —30) = 0

Example 95

Find the derivative of the implicit function determined by the equation x* + y + y* —
2xy = 3 at the point A = [1, —1].

We have
F(x,y) = X +y+y*—2xy — 3.

We find out partial derivatives

oF 5 oF
£—3x — 2y, @—1+2y—2x.

The partial derivatives are continuous functions, moreover

oF

ay(A) =142y —2x[4_py, ) = —3 #0.
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2 DIFFERENTIAL CALCULUS OF FUNCTIONS OF TWO REAL VARIABLES

The derivative of an implicit function does exist and its the only one. We substitute into

the formula for derivative of an implicit function at the point A = [xo,yo] = [1, —1],
play -2 5
1 +2y — 2x][1,_1] -3 3

The alternative method is based on the assumption, that in the equation F(x,y) = 0 the
dependence of y on x is assumed, y = y(x), i.e. in this equation only one independent
variable remains. Thus, the equation is differentiated with respect to x, both sides simulta-
neously,

%(x3+y+y2—2xy—3:0):>3x2+y’+2yy’—2y—2xy’zo.

From the equation we express i’

v 42y —2xy = -3x2+2y = y(14+2y—2x)=—-3x*+2y
, =32 +2y  3x2-2y

T Y T Iy a1y _2x

Exercise 96

Using both methods find the derivative of the implicit function given by the equation
a) X+’ +yP—xy=2, b) cot(3y) = x2y.

Example 97

Find the tangent and normal line to the graph of the implicit function y = f(x) given by
the equation eV = x 4 2y at the point A = [1,0].

The function F is given by
F(x,y) = e —x —2y.

We find out partial derivatives of the function F at the point A = [xo, yo] = [1,0],

JF .
g(A) = ye'V — 1\[10} = -1,
oF

@(A) = Xe Yy -2 [1,0] = —1

We construct the equation of the tangent t to the graph of the implicit function,
t:—(x—-1)—y=0 = y=-x+1
We construct the equation of the normal 7 to the graph of the implicit function,

n:—(x—-1)+y=0 = y=x-—1
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E(x,y) =0

=3 -2 -1

Exercise 98

Find the tangent and normal line to the implicit function y = f(x) given by i ti =2
at the point A = [3,1].

211 Local extrema

~ Definition .

We say that a function z = f(x, y) has local maximum at the point A € D if there exists
a neighbourhood O(A) C Dy of the point A such that VX € O(A) holds f(X) < f(A).
If f(X) > f(A) is satisfied VX € O(A) then it is local minimum at the point A. In the
case of strict inequalities we talk about strict local maxima or minima.

. J

~ Definition N

We say that the point A € Dy is stationary or critical point of a function f(x,y) if

o v —a a4
=0 5. (a)=0

. J

Fermat theorem - necessary condition for existence of an extremum

Theorem (Fermat)

Let a function f has local extremum at the point A and let there exist all partial deriva-
tives of the first order at the point A. Then the point A is a critical point of the function f.

~ Remark

¢ Fermat theorem does not exclude the possibility that the function f has an ex-
tremum at a point which is not the critical point of the function f because some of
its partial derivatives does not exist.

* The condition for critical points is equivalent with the condition df (A) = 0. Nev-
ertheless, if df(A) # 0, then a local extremum does not exist at the point A.
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~ Theorem N

Let there exist at least continuous partial derivatives of the second order of a function f
at the critical point A, then

ed?f(A) < 0, the function f has strict local maximum at A,
e d?f(A) > 0, the function f has strict local maximum at A.

. J

Sufficient condition for the existence of an extremum

~ Theorem

Let the function f be twice continuously differentiable on a neighbourhood of the point
A. Let A be a critical point. If

azf azf azf
E)xZ(A)ay( ) - (axay( )) >0,

then the function f has a strict local extremum at the point A. Moreover, if

2
oD = g j;( A) <0, the function f has a strict local maximum at A,
92
—=(A) > 0, the function f has a strict local minimum at A.
0x2

.Dlz

~ Remark

If D, = 0, nothing can be said about the existence of an extremum. This obstacle can be
resolved in some cases by examining local properties of the function f at the point A.

The number D; is determinant of the matrix Q(A),

Ly T
Q(4) = g;;i agéiy
L Shw

~ Example 99

Find local extrema of the function z = e =¥ ¥’ (2y% + x2).

|

The domain of the function z is the whole set R?. We find partial derivatives of the first
order and create the system of equations for critical points,

d
% — e () (22 + ) Fe V2 = —2xe VY (22 + 22— 1) =0,

% = eV (—2y) (2P +22) + e Vay = —2ye V(2P + 57 —2) =0
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X

The exponential function e™ Vs positive, thus

x(2P +x*—1) =0,
y(2y* +x* —2) = 0.

Suppose that x = 0. From the second equation y(2y?> — 2) = 0 we get the solutions y = 0
and y = £1. We got three critical points, A; = [0,0], A, = [0,1] a A3 = [0, —1].

In the second equation we suppose that y = 0. From the first equation x(x> —1) = 0
we get the solutions x = 0 and x = £1. The point [0, 0] is already found, we have to add
two new critical points A4 = [1,0] and As = [—1,0].

If x # 0 and y # 0, we need to solve the following system of equations,
27 +x2 —1=0,
2y + x> —2=0.

If we subtract both equations we get 1 = 0, i.e. the solution of the system does not exist.
We found five different critical points:

AL =10,0, Ay=1[01, A;=[0,—1], As=[1,0], As=/[-1,0].

We continue the search for local extrema from the preceding worksheet. We found a total
of five critical points. We create a matrix of the second order derivatives and we evaluate
it at particular critical points A;,i =1,2,3,4,5,

2

o [(F2+42) @y + 52 —1) —4x?)e ¥ dxye V2 (242 + x2 - 3)
dxye ™V (27 +x° - 3) (—2+4y?) (22 + x2 —2) — 8y2)e ¥ |/

o= (5 9) eu= (3 %), ean=( %),

o= (¢ 9). ewn= (7 9).

e e

The following table summarizes the classification of extrema at critical points:

Critical point A; D, D,  extremum with the value z = f(A;)
A1 =10,0] 2>0 8 >0 strict local minimum z = 0
Ay =[0,1] —% <0 l—g > 0 strict local maximum z = %
A;=1[0,-1 -2<0 l—g >0 strict local maximum z = 2
Ay =11,0] —% <0 —e% < 0 extremum does not exist
As=[-1,0] -%<o0 —e% < 0 extremum does not exist
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058
0.8 0.7
0.7 06
0.6 05
0.5 0.4
0.4 03
0.3 02
0.2 0.1
0.1 0
0
~ Exercise 100 N
Find local extrema of the function
a) z=x2+6x+3y* — 12y + 11 )z=x>—xy+3x+y+3
b) z =3xy —x +2y d) z = (2 +4x)y +v?
2.12 Constraint extrema
~ Definition .

We say that a function z = f(x,y) has constraint local extremum constrained by the
condition g(x,y) = 0 at the point A = [xo,y0] if VX € O(A) C Dy satistying the
condition g(x,y) = 0 holds

e f(X) < f(A), function f has at A constraint local maximum,
e f(X) > f(A), function f has at A constraint local minimum.

. J

Geometrical interpretation of constraint extrema

Constraint extremum can be found only among the points belonging to the domain of
a function f and lying on the curve g(x,y) = 0. These points correspond to points on the
surface z = f(x,y) forming the spatial curve «, the intersection curve of the surface with
the cylinder generated by the equation g(x,y) = 0. From the geometrical point of view it
is a problem of finding local extrema of a spatial curve.

Z

e R

s -
_
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Lagrange method

~ Theorem (Lagrange)

Let a function z = f(x,y) and a condition g(x,y) = 0 be given. If the function
S(xy,A) = flxy) +Ag(vy), AeR,
has a local extremum at its critical point, then the function f has a constraint local ex-

tremum constrained by the condition g(x,y) = 0 at this point.

| J

~ Remark

¢ The function @ is called Lagrange function, the number A is called Lagrange mul-
tiplier.

¢ Critical points can be found as a solution of the following system of equations,
od od
E—O, @—O, g(x,y) =0.

e If one can uniquely express y = ¢(x) or x = ¢(y) from the condition g(x,y) = 0,
then we search for constraint local extrema as local extrema of the function z =
f(x,@(x))orz = f((y),y), ie. of the functions depending on one real variable.

Example 101

Find constraint local extrema of z = f(x,y) = \/4x + y? + 5 with respect to the condi-
tion2x —3 —y = 0.

We find domain of the function z,

1 5
dx+y*+5>0 = x> —Zyz — 4 see the figure below.

From the equation of the constraint 2x — 3 — y = 0 one can uniquely express both y and x.
Let express y,
y=2x—3.

We substitute the constraint in the function z,

z= \/4x—|—(2x—3)2—|—5: VAx 4 4x2 —12x + 945 = V/4x2 — 8x + 14,

we get the function z = z(x, ¢(x)) depending only on one variable and we see that D, = R.
We calculate the first order derivative, we set this derivate equal to zero and finally obtain
the equation for critical points of this function,

, dz 8x — 8 4x —4

- = = =0 = 4x—4=0=x=1.
dx  2v/4x2 —8x+14 V4x2 —8x+ 14

Domain of the first order derivative is the set D,; = R. On the interval (—oo, 1) the deriva-
tive is negative, z’ < 0, the function z is a decreasing function on this interval. On the
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interval (1,00) the first derivative is positive, z’ > 0, i.e. the function z is an increasing
function on this interval. At the critical point x = 1 the derivative changes its sign from —
to +, it means that at the point x = 1 the function z has a local minimum.

We substitute the point x = 1 into the equation of the constraint, we get y = —1. It is
easy to check that the point A belongs to domain of the function z = /4x + y? + 5, see
figure below.

The function z = y/4x + y? + 5 has constraint local minimum z = f(1,—1) = /10 at
the point A = [1, —1].

Quite analogously we can proceed if we choose the unique expression of x from the equa-
tion of the constraint at the beginning.

Example 102

Find constraint local extrema of z = f(x,y) = —8x + 6y — 5 with respect to the condition
x% +y? = 100.

We construct Lagrange function for f(x) = —8x + 6y —5and g(x,y) = x> + y* — 100,
®(x,y,A) = —8x + 6y — 5 + A(x? + > — 100).

We calculate first order partial derivatives of @ and create equations for critical points of ®,

oP od
a_—S—i—ZAx—O, W—6+2/\y—0,
we solve the following system
4
—8+2Ax=0 = x=q 6+2\y=0 = y:—%

we substitute into the constraint equation instead of x and y,

4\2 3\ 2 16 9
2 2 _ _
242 =100 = (X) +(_X> =100 = 5+ 57 =100
1 1
= 100A>=25 = A’= ;1 = ha=*s
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We calculate critical points A = [x, y] substituting A,

1 1
)\125 = Alz [8,—6], /\2:—5 = AZZ [—8,6]

We construct classification matrix and evaluate this matrix at critical points,

*P  *P

[ a2 oxay | (24 0 /10 (-1 0
Q=10 20|~ (0 2/\)’ QAr) = (o 1)' Q(42) = (0 —1)'

dydx  dy?
At A; = [8,—6] is D1 > 0, D, > 0. The function z = f(x, y) has constraint local minimum
z = —105 at A; = [8, —6]. At the point Ay = [-8,6] is D; < 0, D, > 0. The function
z = f(x,y) has constraint local maximum z = 95 at A, =[-8, 6].

Example 103

Find constraint local extrema of z = f(x,y) = xy — 3x* + 5 with respect to the condition
2x2 —y—12=0.

We construct Lagrange function for f(x) = xy — 3x?> +5and g(x,y) = 2x> —y — 12,
O(x,y,A) = xy —3x> + 5+ A(2x* —y — 12).

We calculate first order partial derivatives of ® and create equations for critical points of
o,
od od

azy—6x+4/\x:0, —=x-A=0 = x=A, y=6\—4A%

We substitute into the constrain equation,
202 —y—12=0 = 202 —6A+4A>—12=0 = A2 -1 —-2=0 = A =1, A =2.
We calculate critical points A = [x, y| substituting A,
M=-1 = A =[-1,-10], A=2 = A,=/[2,—4].

We construct classification matrix and evaluate this matrix at critical points,

0’d 029
| ox® oxay | [4r—6 1 _(-10 1 (21
dyox  Iy?
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At A; = [—1,—10] and at Ay = [2, —4] the determinant D, < 0. The Lagrange function ®
does not have extremum at these points. But, we can not say, that constraint extremum of
the function f(x, y) does not exist!

The constraint extrema can be found directly by substituting the constraint equation into
the given function,

z(x) = f(x,2x2 =12) =2x° —3x® —12x+5=272 =632 —6x —12 =0 = x; = —1, xp = 2.

It can be easily seen, that the function z(x) has local maximum at x; = —1 resp. minimum
at x, = 2. The given function f(x, y) has constraint local maximum at A; = [—1, —10] and
constraint local minimum at A, = [2, —4].

~ Exercise 104 \
Find constraint extrema of the function z = f(x,y) with respect to the condition
g(x,y) =0:
1
a) z=4x+2y+1, y:x2+x—|—zl b)z=12x+y—3, y=-x>+3

~ Exercise 105

Find constraint extrema of the function z = 4x + 3y — 4 with respect to the condition
(x—1)2+(y—2)2=1.

. J

2.13 Global extrema

~ Definition

We say that a function z = f(x,y) has global extremum at the point A = [xo, yp] on
closed domain Dy if VX € Dy holds

¢ f(X) < f(A), f has global maximum at the point A,
e f(X) > f(A), f has global minimum at the point A.
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~ Remark

¢ In the case of strict inequalities we talk about strict global extremum.

* Domain Dy is called closed, if it contains all its boundary points. Boundary point
of the set Dy is a point, such that its every neighbourhood contains points X satis-
fying X € Dy and at the same time it contains points Y satisfying Y ¢ Dy.

Algorithm
* we find domain Dy of the function z = f(x,y),

e we find local extrema of the function z on the domain D f from which we exclude
boundary g¢(x,y) =0,

e we find constraint extrema of the function with respect to the condition g(x,y) = 0,

* we compare all function values at extrema points, the point with the largest func-
tion value is global maximum, the point with the smallest function value is global
minimum.

Example 106

Find global extrema of the function z = f(x,y) = x> — y defined on a square with the
following vertices [1,1], [3,1], [3,3], [1,3].

Domain of the function z is a square, see figure below. We find local extrema of the function

Z,

% -0, Zo_1-0
ox ay

It is clear, that the second equation has no solution, i.e. local extrema do not exist. We find
equations of boundary lines representing equations of constraints,

AB:y=1,x€(1,3), BC:x=3,y€(1,3),CD:y=3,x€(1,3), DA: x =1,y € (1,3).

Single equations of constraints we substitute into the function z and find eventual con-
straint extrema,

AB:z=x>-1=7=2x=0=x=0=0 ¢ (1,3) = extremum does not exist,

BC:z=9—y =z = —1 = 0 = equation has no solution = extremum does not exist,
CD:z=x*-3=7=2x=0=x=0=0¢ (1,3) = extremum does not exist,
DA:z=1-y =z = —1= 0= equation has no solution = extremum does not exist.

Finally, we have to compare function values at the vertices of the square,

f(A) =0, f(B) =8, f(C) =6, f(D) = =2 = f(D) < f(A) < f(C) < f(B).

The function z has global minimum with the value z = —2 at the point D, and global
maximum with the value z = 8 at the point B.
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4,, ,,,,,,,,,,,,,,,,,,,,,,,,,,
D C
3,, ,,,,,,,,,,,,,,
2,, ,,,,,,,,,,,,,,,,,,,,,
1» ,,,,,,, ——————
A B
01 2 3 4

~ Exercise 107

Find global extrema of the function

a) z= —x% — y? + 2y on the circle x*> + y? < 16,

b) z = x? + y? on the triangle with the vertices at [0,0], [2,0] and [0, 1].
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3 Ordinary differential equations

3.1 Differential equations of the n-th order

Differential equations are equations in which one can find independent, dependent vari-
ables and derivatives of dependent variable with respect to the independent one. Differ-
ential equations contain derivatives. Differential equations represent a relation between
unknown function and its derivatives.

~ Definition .

Any equation of the form

F(x,y,y’,,...,y(”_l),y(”)) =0

is called n-th order ordinary differential equation for unknown function y = y/(x).

. J

The order of the differential equation is the order of the highest derivative of unknown
function y(x) in the ordinary differential equation.

Solution (integral) of differential equation on the interval I is every function y(x), which
has continuous derivatives up to order n and solves the given differential equation.

We distinguish the following types of solutions:

* general solution of an n-th order differential equation represents the set of functions
of the form

®(x,y,C1,Cy,...,Ch) =0, resp. y=¢(x,Cp,Cp,...,Cn),
i.e. the set of functions containing n real constants C;,Cy, ..., Cy,

* particular solution y, is one concrete solution, which can be obtained from a general
solution by the choice or calculation of integration constants Cy,Cy, ..., Cy,

* singular solution is a solution, which cannot be obtained from a general solution by
any choice of integration constants Cy,Cy, ..., Cy.

~ Remark

¢ For simplicity, instead of ordinary differential equations we use words differen-
tial equations. There exist also partial differential equations, but those equations
will not be discussed. Thus, there is no need to distinguish between ordinary and
particular differential equations.

¢ It is common to use instead of ordinary differential equations the abbreviation
ODE.
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Example 108
[Find at least one particular solution of ODE v’ = 6x — 6.

Given differential equation can be integrated directly, i.e. one can integrate simultaneously

both sides of the equation. Recall a relation between derivatives and differentials, ' =

S

y”:/y”’dx:/(6x—6)dx = y' =3x*—6x+C.

Using the same way, we can subsequently reduce the order of the given ODE. Thus,

y':/y”dx:/(3x2—6x+C1)dx = Y =x2-32+Cix+Cyp,
4 2

y:/y’dx:/(x3—3x2+C1x+C2)dx = yzxz—x3+C1%+sz+C3.

We see three integration constants C;, Cy, C3 in the general solution.

By the particular solution we mean a concrete curve. This curve can be obtained by arbi-
trary choice of the integration constants C;, C; and C3, e.g. for C; =2,C, =3aC3 =5we
get the particular solution of the form

x* 3 2

Note that in concrete practical situations the choice of integration constants is not arbitrary
and is strictly connected with the solved problem.

3.2 First order ordinary differential equations

~ Definition

Differential equation of the type

F(x,y,y') =0 or y = f(xy)

is called first order ODE.

~ Remark

A solution of the first order ODE F(x,y,y’) = 0 is also called integral of ODE and its
graph in the coordinate plane xy is called integral curve. It is common and very frequent
that integral curves and therefore general solutions may be represented in the implicit
form.

Geometrical interpretation of the first order ODE i’ = f(x,y)

Let us consider x,y as coordinates of the point [x, y] in the xy-plane. To every point [x, y]
one can assign the value f(x, y), which is related to the derivative yy'. Geometrically, deriva-
tive represents a slope (direction), thus one can define slope field {(x,y, f(x,y))}.
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Ordered triples (x,y, f(x,y)) are called linear elements and we illustrate them by short
segments with the center at the point (x, y) and the slope f(x,y).

Integral curves of the equation ' = f(x,y) have a tangent line at every point oriented in
accordance with the slope field. Curves in which derivative is constant (y' = k, k € R), are
called isoclines. Slope field is a system of linear segments tangent to integral curves.

To clearly predict the future state, it is necessary to know the current state of the system.
In practical tasks, we are often not interested in all solutions of a given task, but we only
seek for such solutions which satisfy certain conditions. One of the possible condition is
initial condition. If an initial condition is set for a given differential equation, we talk
about Cauchy problem. It is the basic task in the theory of ordinary differential equations.

~ Definition

As Cauchy problem (initial value problem) for ODE F(x,y,y’) = 0 we shall mean the

following task
v = fxy)
y(x0) = vo.

The solution of Cauchy problem is such a solution y = y(x) of ODE, which is defined
on an interval I and satisfies the initial condition y(xo) = yo (where x¢ € I).

. J

3.3 Slope field

Example 109
[Use isoclines to draw a slope filed of the first order ODE y" = x — | /y.

The function f(x,y) = x — /¥ is defined Vx € R and y > 0.

We find isoclines in such a way that we set the function equal to a constant and evaluate y.
x—yy=k = Jy=x—k = y=(x-k%keR x>k
It is a right part of a parabola curve with vertex at the point [k, 0].

Yy Yy

- - - - = -
P
~ -~ ~ - - - — —
P

|

A

Isoclines of the equation y’ = x —,/y. Slope field of the equation y' = x —,/v.

X
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3.4 Cauchy problem

Example 110
[Solve Cauchy problem y'(y — x) = (y — x) sinx, y(0) = 2.

The given ODE can be simplified ' = f(x,y), the equation one can divide by (y — x) if y #
x. We get the equation in the form iy’ = f(x), i.e. we seek the appropriate antiderivative

y =sinx = y:/sinxdx = y=-—-cosx+C, CeR.

We found general solution. The initial condition y(0) = 2 we substitute into the general
solution and evaluate the integration constant C.

x=0, yw=2 = 2=-cos0+C = 2=-1+C = C(C=3

Yp = — cosx + 3 is our particular solution.

Yy

\

Particular solution Yp

Note that the function y = x is also a solution of the given ODE, but it can not be obtained
by any choice of the integration constant. It is a singular solution. This solution does not
satisfy the initial condition.

3.5 Separable differential equations

~ Definition N

By differential equation with separated variables we shall mean every equation which
can be expressed in the form

Q(y)y' = P(x), ie. Q(y)dy = P(x)dx,
dy

if we use instead of derivative i’ quotient —=.

dx

| J
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It can be immediately seen that the variables are separated on both sides of the equation
and one can directly integrate them. This leads to

/Q(y) dy = /P(x) dx + C.

Note that we consider the only one integration constant, usually we add this integration
constant to the right side of the equation, where the independent variable x is presented.

In practice, we encounter a lot of problems that can be converted to a separated differential
equation with the help of simple manipulations. Such equations are called separable. We
distinguish three types of separable ODE:

* v =fx)8y),
o vy = flax+by+oc),
e v = f (%), called homogeneous ODE.

3.6 Separable ODE of the type y' = f(x)g(y)

The equationy’ = f(x)g(y) assuming ¢(y) # 0 and using identity y' = % can be rewritten
as follows: q
Yy
—— = f(x)dx,
s W

which is ODE with separated variables. Its general solution can be written as

/%:/f(x)dﬁc.

~ Remark

The shape of the general solution should be adjusted in some case. We get a logarithmic
function on the left-hand side after the integration. In this case, as a logarithmic function
by the relation A = Ine“we also express the right-hand side of the solution.

Assume that the general solution is of the form Inm(y) = n(x) + C. We introduce a log-
arithmic function on the right-hand side

Inm(y) =Ine"®*C =  Inm(y) =In <e”(x)ec> .

From the equality of logarithms it follows

Without loss of generality it is common to label new constant e like the original constant
“eC = C”. Thus the solution takes the form

m(y) = Ce"¥),
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Example 111

x—e ¥

Find the general solution of ODE i’ = :
y+eY

We rewrite the ODE to the form y' = (x —e %) - where it is easy to see that the

y+eY
equation is of form iy’ = f(x)g(y). We are going to solve it by the method of separation of
variables,

X X

) x—e”

d xX—e"
y = -

y+eY 7 odx y+eY

= (y+e)dy=(x—e")dx.
After the integration of both sides of the equation we get

/(y+ey)dy:/(x—ex)dx+C = %—key:%—i—e’x—i—c.

The general solution takes the form

2

2
y?_x +e/—e " =C.

Yy

X
General solution y
Example 112
/
Solve the Cauchy problem ]/? = —2sinx, y () = 1.
It is a separable ODE,
/
Y = 2sinx = 1dy _ —2sinx = 1dy = —2sinxdx.
Y ydx Y

After the integration we get

1
/gdy:—Z/sinxdx—kC = In|y| =2cosx +C.
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We rewrite the general solution
Inly| =2cosx+C = y=Ce?>s*,
We find the value for C using the initial condition,ie. x = 7,y =1,
1=Ce?7™ = (C=¢é%
Finally, the particular solution takes the form

yp = e2e = ]/p — e2cosx+2.

Example 113

How long does it take for the temperature of the heated body to drop from 90 °C to
50 °C, if the temperature of environment is equal to 25 °C and in the first 10 minutes the
body cooled down to 73 °C.

Speed of cooling of a body is represented by a decrease of temperature T in time t and

is given by the derivative a Newton’s law of cooling states that speed of cooling is

proportional to a difference between the temperature of the body and the temperature of
environment. If we assume that the temperature of environment is constant, the differential
equation of cooling takes the form

dr

T
where T is temperature of the body, 1) is temperature of environment and k > 0 is coeffi-
cient of proportionality.

—k(T—10),

The equation can be solved by separation of variables method:

dt
z T:—kdt = Injlt—1|=-kt+c = T=1"+ce "
— T

We use the initial condition to find the value for the integration constant ¢, at tp = 0 is
7T =90 and 1p = 25,

90 =25+ cie ¥ = ¢ =65
We see that at the time t = 10is T = 73 and 7y = 25, we use this values to find k and finally

the relation between 7 and ¢:
1

48 10 48 48\ 10
_ —k-10 —k10 _ —k _ -k _
73 = 25 + 65e = e =& = (e ) 5 = e <_65)

t
48\ 10
= 7=2 (=)
T 5+ 65 (65)

We find the time ¢ of cooling the body for T = 50:
t
48\ 10 5 48\ 1
—) = (=
oo (5)' L 2 (#)
~ 10ln

48
In &

o‘”‘

(&) - (&)

= = 31.5 min.

The body is cooled down to 50 °C in 31 minutes and 30 seconds.
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T
90 ¢
73
50
0 10 ? t
Cooling curve
~ Exercise 114 N

Solve the differential equations:
a) y'sinx = ycosx b) x%y —y? =1 ) 2xyy’ = x +2

| J

~ Exercise 115 N

Solve the Cauchy problems:
a) y'sinx =ylny,y(5) =e b) y—xy' =5(1+x%),y(1) =1

3.7 Separable ODE of the type y' = f(ax + by + ¢)

Differential equations of the form ' = f(ax + by + ¢), where b # 0, can be transformed
to a differential equation with separated variables by means of the substitution u(x) =
ax + by + c. Substitution gives the formula for the derivative /.

We differentiate the equality u(x) = ax + by + ¢ with respect to x and express v/,

u —a
b

After the substitution into the original differential equation we get a differential equation
with separable variables of the form 1’ = f(x)g(u),

W=a+by = ¢ =

/_
uba: (u) = u =a+0bf(u).
Fora+bf(u) # 0 we get the equation
1
a+bf(u)”

Its general solution then takes the form

du
/a+bf(u):x+c'
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Example 116
[Find the general solution of ODE y’ =3x — 2y +5.

It is a separable ODE of the type y’ = f(ax + by + c), wherea = 3,b = —2,c = 5. We use
the substitution,

/ / ;33— u'
u=3x-2y+5 = u=3-2y = y = 5
After the substitution, the original ODE becomes:
3—u y
=
This is a separable ODE of the type u’ = f(x)g(u),
du du
! _ — _ —
u=3-2u = s 3—2u = 300 dx

After the integration we get

du
3—2u

1
:/dx+C = —SI3-2u/=x+C = In[3—2u=-2x+C

The general solution for unknown function u can be written as follows,

3
3-2u=Ce % = y-= Ce*2X+§.

Next, we return to the original variable y:
—2x 3
3x -2y +5=_~Ce +§.

7
The general solution for the unknown function y then takes the form y = Ce™>* + gx + 1

Example 117
[Find the general solution of ODE y' = cos(x — ).

It is an equation of the type iy’ = f(ax + by +¢), where a = 1,b = —1, ¢ = 0. The substitu-
tion takes the form,

= Yy =1-u

u=x-y = u=1-y
The original ODE becomes

1—u' =cosu = u' =1-cosu.
d
We replace 1 by d—z and write the ODE in the separated form

%:1—Cosu = /—du :/dx+C.
dx 1—cosu
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We calculate the integral on the left-hand side separately by the universal trigonometric
substitution:

u —
tan 5= t
du 1-# 1 2 dt 1 1 U
/1—cosu: OSHTT R :/ _ 21442 dt:/t?:_?:_@:_mti'
2 1+#2
du = 5 e dt
The general solution for the unknown function u is:
— cot % =x+C.
We return to the original variable and get general solution in the form
—x—cotx;y:C = x+cotx;y:C.

~ Exercise 118

Solve the differential equations

a) (x+y)y' =1 Q) y' = sin’(x — y)
b) ¥ —3y=4x+1 d) yV1i+x+y=x+y+1

3.8 Separable ODE of the type v’ = f(¥)

X

~ Definition .
The differential equation F(x,y,y’) = 0 is called homogeneous, if it can be written in
the form y

/ f— —_—
y=f (x) ’
for x # 0.

Homogeneous differential equations can be formed to the separated differential equations
by means of the substitution
Y =zXx,

y

where z = z(x). From the substitution y = zx, iez = we compute the formula for
substitution of the derivative y':

y =7'x+z
After substitution the original equation becomes separable differential equation for the
function z = z(x), if moreover f(z) —z # 0.

Zx+z=f(z)
Zx=f(z) —z
2 = (f(z) - 2)
1 1
@) _Zdz = ;dx
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Then general solution takes the form

/%:mxuc.

~ Remark

Recall the fact when the function f(x,y) on a region () € R? is called homogeneous
of degree k and we show how this notion is connected with homogeneous differential
equations.

A function f(x,v) is called homogeneous function of degree k (k € IN) on Q) if at any
point [x,y| € Q) and for arbitrary ¢ # 0 it holds

ftx ty) = £5f (x,y).

If we assume that functions P(x,y), Q(x, y) are homogeneous of the same degree k, then
the equation P(x,y) + Q(x,y)y’ = 0 is homogeneous differential equation.

Thus

P(tx,ty) = #P(x,y) A Q(tx,ty) = tQ(x,y)
P(tx, ty) tkP(x,y) P(tx,ty)  P(x,y)
(x,y

= =
Q(tx,ty) — #Q(x,y) Qltx,ty) — Qx,y)
The equation P(x,y) + Q(x,y)y’ = 0 can be rewritten for Q(x,y) # 0 onto the form

) P(x,y) , _ P(tx, ty)

YT 700k y) YT T Qe ty)

1
and from this equation for t = ke # 0 we get

/=gy = =),

which is homogeneous differential equation.

~ Example 119

Find the general solution of the ODE xy’ —y = 2,/xy.

|

2,/xy +y
' =23y +y = y’ZFTzz\/g+%

It is homogeneous ODE i’ = f(£).

Substitution:

RI<

I
N

"=Zx+z

<
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where z = z(x).

We substitute into the equation y’ = 2\/g + ¢ and separate the new variables,

d 2 1 2
Zx4+z=2Vz4+z = Zx=2vz = —Z:—~\/E = —dz="dx
dx «x Vz X
Now, we integrate both sides of the equation
1
1 2 2 2
/—dz: /—dx+C N /z—%dz:/—dHc = 2 onjx|+C
Vz x X 1
= Vz=In|x|+C.
We rewrite found solution for unknown function z(x)
z = (In|x| + C)?,
and return to the original unknown y(x)
% = (n|x|+C)? = y=x(nlx|+C)>~
Example 120
. . , 3y —2x
Find the general solution of the ODE yf’ = ——.
x+y
We check homogeneity of the given ODE.
)_B%y-2x y = x(34-2) L oy 3L -2
x+y x(1+ %) 1+2
Substitution:
% =z = y =72'x+2z wherez=z(x).
o ., 312
We substitute into the equation y’ = —*—-.
1+
Pyazo 22 3222 dz 1 22-2z+2
 1+z 14z dx  x 14z
14z 1
R PR R

Now, we integrate both sides of the equation. Stress that on the left-hand side of the equa-
tion, we integrate partial fraction of the second type:

142z dx
/22—22—|—2dz__/7+c

1 11 (22-2)
2 dps [ D) g
/(2—1)2+1d7‘+2/z2—2z+2dz nlxl+c

1
2arctan(z — 1) +§ln|zz—2z+2| =—In|x|+C
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We return substitution z = ¥ and get general solution for the function y(x) :

4 arctan (% — 1) + In

(£)" 2% +2 = —2mirl +c.

Exercise 121

Solve the differential equations

a) X’y = y> +xy b) xy' = y(Iny —Inx)

3.9 Linear differential equations of the first order

By linear differential equations we shall mean equations which are linear with respect to
an unknown function and its derivatives. Linear differential equations are very important
because a lot of practical problems can be modelled by such equations.

~ Definition

We call linear ordinary differential equation (shortly LODE) of the first order every
equation of the form

Y +p(x)y =q(x),

where p(x), g(x) are continuous functions on some interval [, b]. Moreover,

e if g(x) = 0, we talk about homogeneous (shortened) LODE,

e if g(x) # 0, we talk about non-homogeneous (complete) LODE.

~ Remark

Examples of linear equations: Examples of non-linear equations:
o xy —y=x o xyly=x
ey —Inx? .y =sinx e y —xy® =sinx
.zxy’_%_zzo °2xy’—$—2siny:O

Homogeneous LODE i’ + p(x) - y = 0 is also separable ODE i/ = —p(x)y, which we know
how to solve. To every complete LODE i 4+ p(x)y = g(x) there exists associated shortened
equation ' + p(x)y = 0.

Theorem

Homogeneous LODE y' 4 p(x)y = 0 has on the interval [a,b] general solution of the
form
§=Ce /P& CeR
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~ Theorem |

General solution of complete LODE has the form

y(x) = 9(x) +o(x),

where 77(x) is general solution of associated homogeneous LODE and v(x) is a particular
solution of the complete LODE.

| J

The function v(x) is called particular integral of complete LODE.

To find a solution of non-homogeneous LODE (LODE with non-trivial right-hand side)
one can use a method called variation of a constant, the integration constant C is replaced
by some unknown function depending on x, C = C(x).

Algorithm:

1. We find the solution of associated homogeneous LODE using method of separation
of variables

Yy +p)y =0
§=Ce /PN CceR.
2. General solution of non-homogeneous LODE has the same form as the solution of

associated homogeneous LODE. There is a huge difference, the integration constant
C is not a constant any more, but it must be treated as a function C(x) such that the

function y = C(x)e~ / P(¥)d¥ j5 a solution of the original non-homogeneous LODE.

How to find the function C(x):

We calculate a derivative of the estimate solution

y = C(x)e /Pl dx
y' = Cl(x)e” [POd —C(x)em [P 4p(x).

We substitute the function y and its derivative i’ into the original non-homogeneous LODE
and we get the equation for the unknown function C’(x).

C'(x)e S0 - Clxje JPOHp(x) p(x) - Clx)e PO = ()

/ . J/
~" -~

y y

The terms with C(x) must vanish. This is a control point. If not, we need to check our
calculation because there is a mistake somewhere. After that we differentiate equation for
the unknown function C(x).

C'(x)e P& = g(x) = C'(x) = q(x)el P&

We can integrate both sides and get the function C(x) with new integration constant, it is
possible to use the same letter C:

C(x) = /q(x)ef p)dx gy 4 C,
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which we substitute into the estimated solution y = C(x)e~/P()d* and get the general
solution of the original equation

y = ( [atx)el a4 c) o ()

= Ceffp(x)dx _{_effp(x) dx/q(x)ef p(x) dx dx.

J/ N

-~ -~

j(x) o(x)

2x

Example 122
[Find the general solution of LODEy' —y =e

Associated homogeneous LODE has the form y’ — y = 0. It is a separable ODE, thus

%:y = /%:/dx—kc = Injy=x+C = py==Ce".

We proceed with the variation of the integration constant. Assume that C = C(x), then
y=C(x)e*

and its derivative is
y' = C'(x)e" + C(x)e".

After the substitution into the original ODE we get
C'(x)e* 4+ C(x)e* — C(x)e* = &%,
C'(x)e* =e* = C'(x) =e"
We can directly integrate,
C(x) = /exdx=ex+C.

After the substitution of y = C(x)e” into the general solution of homogeneous equation
we get the general solution of the original LODE

y=(ex+C)ex=Cex+e2x=y+v.

Example 123
[Solve the Cauchy problem y’ — y cotx = e*sinx, y (§) = 0.

First, we find the general solution of associated homogeneous LODE,

Yy —ycotx =0 = %zycotx = /%z/cotxdx-l—C = In|y| = In|sinx|+ C.

The general solution has the form § = Csin x.

We continue with the variation of the integration constant C = C(x).

y=C(x)sinx = 1y =C'(x)sinx+ C(x)cosx.
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After the substitution into the original LODE, we get:
C'(x)sinx +C(x) cosx — C(x)sinxcotx =e*sinx = C'(x)sinx=e"sinx = C'(x)=¢e".

Thus
C(x) :/exdxzex-l—C.

We substitute into estimated general solution
y=(e"+C)sinx.
We determine the value of the constant C from the initial condition y (5) =0
0= (e% +C) sing = C=—e?.
The solution of Cauchy problem i.e. the particular solution of the original LODE is

x T\ .
y= (e —e2)sinx.

~ Exercise 124 .

Solve the differential equations

a) y'—%:xz b) v’ + ycosx = sinxcos x
~ Exercise 125 \

Solve the Cauchy problems

)y -y = y(0)=0 b) vy — = =xy(1) =0

cosx cosx’ x+1

3.10 Linear diff. equations of the second order with constant coefficients

If we solve concrete practical problems which are modelled by means of ODE, quite often
we see that single parameters (weight, density, frequency, etc.) in differential equations are
constants. Such tasks form a huge subclass in the category of 2nd order ODE.

~ Definition N

Linear ordinary differential equation (LODE) of the second order with constant coeffi-
cients has the form

a2y (x) + a1y’ (x) + agy (x) = b(x),

where a; # 0,41, 4 are real constants and the function b(x) is called right-hand side of
the equations.
Next

e if b(x) = 0, we talk about homogeneous (shortened) LODE,

e je-li b(x) # 0, we talk about non-homogeneous (complete) LODE.
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Remark

y" 4+ 3y’ =2 — x ...non-homogeneous LODE
vy +3y =0 ...associated homogeneous LODE

Definition

We call a fundamental system of solutions of the equation ayy” + a1y’ + agy = 0 the pair
of functions y; = y1(x), y2 = y2(x), if y1, Y2 are two non-trivial linearly independent
solutions of the given equation.

The pair of functions y1, y> defined on I and with continuous derivatives of the first order
on I is linearly independent if the determinant of the following matrix

W= ‘ R #0
Vi v
at some point x € I.
Definition
[The function W is called Wronski determinant or Wronskian. ]
Example 126
[Show that the functions y; = e3*, y, = xe®" are linearly independent on RR. }

We calculate the Wronskian:

3x 3x

e xe

W= 3e3% 3% 4 3xe3¥

= e3* (e + 3xe) — 3xe® = b,

Because e® # 0 for Vx € R, the functions y; = e%*, y, = xe®

R.

¥ are linearly independent on

3.11 Characteristic equation

Let us consider homogeneous LODE ayy” + a1y’ + apy = 0. We show that all solutions can
be found without integration and can be expressed by means of elementary functions.

Let us take a closer look at the homogeneous LODE of the first order with constant coeftfi-
cients 1, a.

1y +ay =0
y' = —ay
1dy = —adx
y
7 =Ce ™

A particular solution of this equation is the function of the form y = e’*, where r € R.
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For the analogous situation, i.e. for homogeneous LODE of the second order, we look for
the solution of the same form y = e’* and determine a condition for r. We put the estimated
solution y = e and its first and second order derivatives, y' = re’™, vy’ = r2e"™ into the
equation apy” + a1y’ + apy = 0. We get

ayy” + a1y’ +agy = 0
ayr’e’™ + agre’™ + age™ =0
e (ayr® + a;r +ag) =0
Because e # 0 for Vx € R, it holds that y = €' is a solution if r is a solution of the

equation
a2r2 +ayr4+ag =0,

called characteristic equation. It is a simple quadratic equation for the unknown r.

Characteristic equation can be simply obtained from original LODE. We just write 72 for
y", r for y’ and 1 for y.

Definition
The equation
a2r2 +ayr4+a9=0

is called characteristic equation.

We distinguish the following three cases connected with the sign of the discriminant D of
the above quadratic equation:

e if D > 0, then the characteristic equation has two real roots r1,72 € R, r; # 1o, the
fundamental system of solutions is y; = €’1¥, y» = €"2* and general solution takes the
form

]2 _ Clerlx + Czerzx’

where C1,C € R,

e if D = 0, then the characteristic equation has one double root r, the fundamental
system of solutions is y; = e'¥, y» = xe’* and general solution takes the form

7 = C1e"™* + Coxe™,
where C1,C € R,

e if D < 0, then the characteristic equation has no real roots, i.e. it has two complex
conjugate roots 1, = a +ip, the fundamental system of solutions is y; = e** cos Bx,
Y2 = e**sin Bx and general solution takes the form

7 = C1e** cos Bx + Cre** sin Bx,

where C1,C € R.
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Example 127

Solve the differential equations

a) vy —5y +6y =0 b) v — 4y +4y =0 oy +2y +5y=0

a)

Y -5/ 4+6y=0=r*-5r+6=0 = r =2, =3 = §=Ce* + e
b)

Yy —4y +4y=0 = r*—4r+4=0 = r=2 = §=Ce”+Chxe”

y' 42y +5y=0 = r*+2r+5=0 =

—2++44-20 -2++/-16 —-2+iV16
2 N 2 N

> =—-1+21 =

2=
7= Cre *cos2x +e *sin2x = e *(Cq cos2x + Cy sinx)

Note that in the third case, one can use either 2 or —2 as a value for 8. There is no difference
and we get the same solution (can you prove that), thus the positive value is preferred.

Example 128

The chain of the length equal to 3 meters slides off a smooth horizontal table. In the
exact moment, when the chain begun to move from the table, a 30 cm long part of the
chain hung from the table. How long will it take before the chain falls completely?

The movement of the chain is caused by gravitational field by means of the force acting on
the part of a chain hanging from the table. Its magnitude is

m
F=yg

where [ is length of the chain, m is weight of the chain and y is length of the hanging part

of the chain, gravitational acceleration ¢ = 9.81 m - s~2.

Using the second Newton’s law F = mjj and after some manipulations we get homoge-
neous second order ODE for y = y(t)

m ..
my:Tyg = y—‘(’%yzo = r2—§:0 = rllzzi—\/%
= y:y:Cle\/?t—FCze*\/?t.

We substitute the initial condition at the time t = 0, y(0) = 0.3, y(0) = 0,

y= C1e\/?t + Cze_\/?t, y= Cl\/%e\/?t B Cz\/%e_\/?t

9.81 9.81
03=Ce?+Ce?, 0= ,/TcleO — \/TCQGO

= C=C = 03=C+C = (C=0C=015
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and get the particular solution in the form

yp =y =0.15 (e\/?t + e*\/?f> :
The task is to determine the time, in which the chain falls off the table. Thus we need to
express t from the solution. We multiply the latter equation by O%e\/% and get quadratic

) T
equation for eﬁt,

2
<e\/§t> —01—15e\/?ty+1:0 = e\/?tzol—3yj:\/

21,
1.01527

The time must be positive, thus the only eV = %y +4/ 4‘01152 y? — 1 makes sense, we

substitute y = [ and express t:

L[ 1 3 3 32
N 21 =3 m2 “1) =166
\/;m (0.3 * \/4 [0.152 ) 981 " (0.3 Vi1 )

The chain falls off the table in 1.66 seconds.

Exercise 129

Solve the differential equations

a) y' =3y +2y=0 b) ¥y +6y +9y =0 o y'—4y +5y=0

3.12 Non-homogeneous second order LODE - solution
Let us consider non-homogeneous LODE
agy” + a1y’ +agy = b(x), b(x) #0.
General solution of the non-homogeneous LODE takes the form:
y(x) = (x) + o(x),

where (x) is a solution of the associated homogeneous LODE and v(x) is the particular
solution of the corresponding original non-homogeneous LODE connected with concrete
right-hand side b(x).

We know how to find the solution § of the associated homogeneous LODE. The partic-
ular solution v(x) can be found using two main methods:

* Variation of constants - universal method, however with more complicated calcula-
tions

* Method of undetermined coefficients - method suitable only for some special right-
hand sides of non-homogeneous LODE, however the solution obtained with less ef-
fort

The next theorem represents superposition principle
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~ Theorem N

Let the right-hand side b(x) of the non-homogeneous LODE a,y” + a1y’ + agy = b(x)
can be decomposed into a sum

b(x) = b1(x) + ba(x) + - - - + bi(x)
and let v;(x) be particular solutions of the equation

ay" +ary' +agy = bj(x), j=1,...,k
then
v(x) = v1(x) +02(x) + - - + v(x)

is the particular solution of the original equation.

| J

3.13 Variation of constants

The core of the method is the same as in the case of the 1st order LODE.

The next theorem characterizes Variation of constants for 2nd order LODE.

~ Theorem

General solution of the equation
ay” + a1y’ + agy = b(x)
with constant coefficient ay, a1, a9 one can express in the form

y(x) = 9(x) + v(x) = §(x) + 11 (x) / VV\\/;((;)) dx + y2(x) VV\\[/z((;)) dx,

where 7(x) = Ciy1(x) + Coya(x) is the general solution of associated homogeneous
LODE, W (x) is Wronskian of its fundamental system and Wy (x), W, (x) are determinants
which come from Wronskian W(x) by replacing its first respectively second column by
the vector of right-hand side (0, b(x)/az).

| J

We solve the non-homogeneous 2nd order LODE with constant coefficients
azy” +my' + agy = b(x)

under the assumption that we know solutions of associated homogeneous LODE §j =
Clyl(X) + Czyz(x).

Let us assume that general solution of non-homogeneous 2nd order LODE will have the
same form as the solution of homogeneous LODE, however we replace integration con-
stants C1,Cp by unknown functions Cy(x), C2(x). We make variation of constants. We
seek the solution in the form

y(x) = Ci(x)y1(x) + Co(x)y2(x).
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We calculate derivative of the estimated solution
y' = Ciy1+ Ciyr + Gya + Copa.
The choice of the new functions Cy(x), C(x) allows us to set up a suitable additional con-
dition,
Ciy1 + Cay2 = 0.
Substituting the condition into the first derivative we get
YV =Cy+Gy, and  y"=Cy+Cyi + Gy + Gy,
which we put into the original non-homogeneous LODE
a2(C1y1 + Civi + Coyn + Coys) + a1 (Cayt + Cay) + ao(Cays + Caya) = b(x)
N ~~ / N————  — D e ——
y// y/ y

and get
Ci(a2yy + ayy + agy1) + Ca(a2ys + arys + agy2) + a2 (Cryy + Cayp) = b(x).

Because the functions y1,y> are solutions of the associated homogeneous LODE, the ex-
pression in brackets must be null, and we get

b(x
ot + Clp = 0,
2
Thereby, we obtained second condition for derivatives of unknown functions Ci(x), Ca(x)
and we solve the following system of linear equations for the unknowns C}, C},

Ciy1+ Chyr =0,

b(x
Civh +Chyp = 2,

The determinant of the system is the Wronskian of the functions y1, y2

n

W =
vi Y5

4

which is not null because both functions are linearly independent, they form fundamental
system of solutions. The system has just one solution which can be found by the help of
Cramer’s rule

Wi (x Wh(x
Cilr) =), Gyt =22,
where
0 0
Wi = |b(x) ]//2 and W, = 1//1 b(x)
a yZ yl ap
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where Ki,K; € R. If we substitute into the estimated solution y(x) = Cy(x)y1(x) +
Ca(x)y2(x) we get general solution of non-homogeneous LODE in the form

V(x) = 9() + 0(x) = K (x) + Kaa() 3 (v) [ G drtyato) [ 22 .
9(%) ’ ) 0 /

Finally, one can use the same letters C for the integrations constants, thus

y(x) = 9(x) +0(x) = Ciya(x) + Caya(x) +31(x) [ Vvvv1<(§>) bl | Vvvv2<(f>) -

- >

~\~

7(x) o(x)

Example 130
[Find the general solution of LODE y" + y = 5e?*. }

We find the solution of the associated homogeneous LODE:
YV +y=0 = r*+1=0 = r,=+i

The characteristic equation has two complex conjugate roots, whereas a = 0, p = 1, we
find the solution and make variation of constants:

7=Cicosx+ Cpsinx =y = Cy(x)cosx+ Cy(x)sinux.

For determining the unknown functions C1(x) and C;(x) we calculate determinants:

W(x) = ' COSE SN _ 062 x +sin?x = 1,
—sinx cosx
Wi(x) = 0 smx|_ —5e2* sin x Wa(x) = cosx 0 | = 5e%¥ cos x
B |5e2 cosx| ’ 2 T —siny 5| '
Next, we calculate integration constants C; (x) and Cp(x):
W
Ci = Wl((;)) = —5e¥sinx = Ci(x)= —5/e2x sinx dx = e**(cosx — 2sinx) + Cy,
W,
Cy = Wz((;)) =5 cosx = Co(x) = S/ezx cos xdx = e**(2cos x +sinx) + Cy.

We substitute C1(x) and Cp(x) into y = C1(x) cos x + Co(x) sinx and get
_ ( 2x . : 2x : :
y = (e(cosx —2sinx) + C1> cosx + (e (2cosx +sinx) + C2> sin x.

After some manipulations we get the general solution in the form

y=79(x)+v(x) =Cicosx+ C, sin x + e*~.
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Example 131

Find the general solution of LODE y" + 3y’ + 2y = TT et

We find the solution of associated homogeneous LODE:
V43 +2y=0 = rP43r4+2=0 = r=-1rn=-2

The characteristic eq. has two different real roots, we find the solution and make variation
of constants:
§1=Cle " +Ce ™ = y=Ci(x)e ™ +Cyx)e .

For determining unknown functions C; (x) and C;(x) we calculate determinants

—X —2x

€ € -3 -3 -3
W) =| " x pear| = 2 e = —e7,
0 efo efo e X 0 e X
Wi(x) = = ——, Wh(x) = _ =
1( ) 1+1€x _ze—zx 14 e 2( ) e X 1—|}ex 14 ex

Next, we calculate integration constants C; (x) and Cp(x):

C/ ) e—2x e¥ c eX
V7 W) (IT4e0)(—e3)  14e* = G) _/1+ex

dx =In|1+e*| +Cq,

W2(X) e ¥ e2x er
C/ = = = - C = —/
2= W) Ate) (e~ iter ~ W Tter

We substitute C; (x) and Cp(x) into y = Cy(x)e™* + Cp(x)e ¥ and get

dx=In|1+¢e*| —e' + C,.

y=(In|l14+e*|+Ci)e 4 (In|1+e*| —e* +Cy)e 2.
After some manipulations we get the general solution in the form

y=10(x) +o(x) =Cle ™+ Cre ¥ +e “In|l +e*| +e *(In|l +e"| —e*).

Exercise 132

Solve the differential equation

a) v’ —5y 4+ 6y =6x2—10x — 4 b) v — 4y’ = 4sinx — cosx

3.14 Undetermined coefficients

The method is based on an estimate of the form of particular solution with respect to right-
hand side of LODE. Only special right-hand sides are allowed - polynomials, exponential
functions or linear combination of sine and cosine functions. The form of the special right-
hand side is specified by the next theorem.
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3 ORDINARY DIFFERENTIAL EQUATIONS

Method of undermined coefficients for 2nd order LODE

~ Theorem

solution of the form

mined coefficients.

|

v(x)

where M = max{m, n}, Py(x) and Qps(x) are polynomial of degree M with undeter-

— xk e)\x

Let the right-hand side of LODE with constant coefficients have the form
b(x) = e™(pm(x) cos wx + g,(x) sinwx),
where py,(x), gn(x) are polynomials of degrees m or n and A,w € R. If the numbers

7 = A £ iw are k-fold roots of the characteristic equation, then we take the particular

(Pp(x) cos wx + Qpr(x) sinwx),

J

We determine the coefficients of the polynomials Py(x) and Qa(x) using comparative

method after substitution of the particular solution into the original LODE.

Remark

e special right-hand sides: sinx, xe™* cos(2x), 3,e

—3x

e not special right-hand sides: sin x cos(3x), In x, e*" 2

We estimate the form of the particular solution with help of the following table:
pm(x), Pu(x), Qm(x) are polynomials of degree m,
Apx™ + -+ A1x + Ap is a polynomial with undetermined coefficients,

Am, ..., A1, Ag € R

b(x) root of char. eq. v(x)

7 = 0, k-fold Xk Py, (x)
pm(x)

F=0#r Py (x)

N 7 = A, k-fold Axket

e X

F=A#r AeM
sinwx, coswx 7= +iw x(A cos wx + Bsinwx)
sinwx, coswx = tiw #r A cos wx + Bsinwx
eMpu(x)sinwx F=A+tiw xe¥ (P (x) cos wx + Qu(x) sin wx)
eMpu(x)coswx 7= A+tiw xe (Py(x) cos wx + Qu(x) sin wx)
eMpn(x)sinwx F=ALiw #r e (Py(x)coswx + Qu(x)sinwx)
eMpn(x)coswx F=Atiw #r e (Py(x)coswx + Qu(x)sinwx)
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3 ORDINARY DIFFERENTIAL EQUATIONS

Note that we denote by letter r the roots of characteristic polynomial. We compare the roots
of characteristic polynomial with the number 7 determined by the right-hand side b(x) of
LODE.

~ Example 133

Try to estimate the form of a particular solution of the differential equation
y" +5y" = b(x):
a) b(x) = 5x? c) b(x) = e) b(x) = e *cos2x

3
b) b(x) = sin(5x) d) b(x) = 3xe > f) b(x) =e*+2

|

We find the roots of the characteristic equation:

Y +5/ =0 = r+5r=0 = r =01r=-5

b(x)=5x> = A=0,w=0 = 7=0,

but 7 = 0 is simple root of the characteristic equation, thus we need to add factor x
to the estimated form of the particular solution, which is a polynomial of 2nd degree
with undetermined coefficients

v(x) = x(Ax®> + Bx + Q)

b)
b(x) =sinbx = A=0,w=5 = F=d=i5,

but neither 7 = i5 nor 7 = —i5 are roots of the characteristic equation, thus the partic-
ular solution takes the form

v(x) = Acos5x + Bsin5x

b(x) =3¢ = A=5w=0 = F7=5,
but 7 = 5 is not the root of the characteristic equation,
v(x) = Ae™

d)
b(x) =3xe™ = A=-5w=0 = F=-5

but 7 = —5 is simple root of the characteristic equation, we need to add factor x, thus

v(x) = x(Ax + B)e™>*

b(x) =e *cos2x = A=-1lw=2 = 7T=-1+i2,

but 7 are not the roots of the characteristic equation,

v(x) = e *(Acos2x + Bsin2x)
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3 ORDINARY DIFFERENTIAL EQUATIONS

f)
b(x) =e"+2

it is not special right-hand side because there is addition between exponential and
constant. Right-hand side can be considered as addition of two functions, each of
which has the form of a special right-hand side, one can use superposition principle

v(x) = v1(x) + v2(x),

where v (x) relates by (x) = e* and v,(x) relates by(x) = 2

v1(x) = Ae", 7 = 1 is not the root of the characteristic equation
vp(x) = Bx, 7 = 0 is simple root of the characteristic equation

v(x) = Ae* + Bx

To find unknown coefficients we need to substitute estimated particular solution into orig-
inal non-homogeneous LODE.

Example 134
[Solve LODE y" + 4y = —2.

We find the solution of associated homogeneous equation:

y' +4y =0,
?4+4=0,
o= +2i.

The characteristic equation has two complex conjugate roots, whereas « = 0, p = 2, thus
the solution takes the form:
7 = Cj cos 2x + Cy sin 2x.

b(x) = —2 - special right-hand side = we use the method of undermined coefficients,
A=0,w=0,=7=Axiw = 0,but? = 0is not the root of the characteristic equation

Particular solution takes the form: v(x) = A.

We calculate the first and second order derivatives: v/ = 0, v/ = 0, and substitute them
into y” + 4y = —2 and get:

0+L4:—2:>A=—%.

Particular solution:

General solution y = §(x) + v(x):

y=79(x) +v(x) = Cycos2x + Cysin2x — %
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Example 135
[Solve LODE y" — 10y’ + 24y = (3x — 1)e*".

We find the solution of associated homogeneous equation:
y' —10y +24y =0 = 72 —-10r+24=0 = r =41 =6,
thus the solution takes the form
7 = Cre* 4 Cre®™.

b(x) = (3x — 1)e3 - special right-hand side = we use the method of undetermined coef-
ficients, A = 3, w = 0=7 = A +iw = 3, but 7 = 3 is not the root of the characteristic
equation

Particular solution: v(x) = (Ax + B)e**.
Derivatives:
v/ = Ae** +3(Ax + B)e®*, 0" = 6Ae> +9e3*(Ax + B).
We substitute the estimated particular solution and its derivatives into original LODE

64 + 9¢™ (Ax + B) =10 (Ae™ + 3(Ax + B)e™) +24 (Ax + B) ¥ = (3x — 1)e™,
[\ ~ - R ) N————

o ;/’ v(x)

and after some manipulations we get
3Axe> + (—4A + 3B)e = 3xe> — &%,
We compare coefficients of the expressions xe3* and e** on both sides of the equation

xe3¥:  3A = 3

e3x: —4A + 3B :_1} = A=1land B=1.

Particular solution
o(x) = (x +1)e.

General solution
y = 9(x) +0(x) = Cre* + Coe® + (x + 1) ™.

Example 136
[Solve LODE y” — 2y’ 4 2y = e*sin x.

We find the solution of associated homogeneous equation:

Y =2y +2y=0 = 1 -2r4+2=0 = rio=14i,

thus the solution takes the form

A

7(x) = Cie* cosx + Cre* sin x.
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3 ORDINARY DIFFERENTIAL EQUATIONS

b(x) = e*sin x - special right-hand side => we use the method of undetermined coefficients,
A=1lw=1=7=Axiw = 1+£i but7 = 1=+1i are simple roots of the characteristic
equation

Particular solution: v(x) = xe* (Asinx + Bcosx).

Derivatives
v’ = e"(Asinx + Bcos x) + xe*(Asinx + Bcos x) + xe* (A cos x — Bsinx),
v =2e¢" ((A+ B+ Bx)cosx — (A — B+ Ax)sinx).

We substitute the estimated solution and its derivatives into original LODE

2¢* ((A+ B+ Bx)cosx — (A — B+ Ax)sinx) —2e*(Asinx + Bcosx + x(Asinx
+Bcosx + Acosx — Bsinx)) +2xe* (Asinx + Bcosx) = e*sinx,

and after some manipulations we get
2Bcosx —2Asinx = sinx.

We compare coefficients of the expressions cos x and sin x on both sides of the equation

COS X : 2B =0

= _1 _
sinx: —2A :1} = A=-7and B=0.

Particular solution
v(x) = —Exex sin x.

General solution

1
y = 9(x) +0v(x) = Cie* cos x + Cre" sinx — Exex sin x.

Example 137
[Solve LODE y" — 2y +y = 2x* +e* — 2.

We find the solution of associated homogeneous equation:
Y -2 +y=0 = r-2r+1=0 = ro=r=1 = §=Cie"+Cuxe".

b(x) = 2x* + e* — 2 - is not special right-hand side, but one can use superposition principle
and decompose the right-hand side as

b(x) =2x* —2+¢e* =by(x) +ba(x), where by(x)=2x>—2, by(x) =¢e*
Firstly, we deal with the special right-hand side represented by b; (x):
bi(x)=2x* -2 = 7 =0 (notroot)

estimated solution: v1(x) = Ax> + Bx +C
derivatives:
vy =2Ax+B, v =2A

estimated solution we putiny” — 2y’ +y = 2x> — 2
2A —2(2Ax +B)+ Ax* 4+ Bx +C =2x* -2

comparing of coefficients:
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x2 A =2
xl: —4A+B =0 = A=2B=8aC=10.
xX0: 2A—-2B+C = -2

particular solution:
v1(x) = 2x* +8x + 10

Secondly, we deal with the special right-hand side by (x):
by(x) =e* = T7,=1 (doubleroot)

estimated solution: v,(x) = Ax%e®
derivatives:
vy = 2Axe’ + Ax’e®, ) =2Ae* +4Axe" + Ax’e”.
estimated sol. we putiny” — 2y +y = e*
2Ae* + 4Axe* + Ax’e* — 2(2Axe* + Ax*e*)

+ Ax?e’ = e"

after some manipulations:

2A:1:>A:%

particular solution:
1

Ex
General solution of LODE y” — 2y + y = 2x* + e* — 2 has the form

vy(x) = Zx%e*

1
y = §(x) +01(x) +02(x) = Cre* + Cpxe™ +2x* +8x + 10+ Exze’f.

~ Exercise 138

Solve LODE
a) vy’ —2y = x> +2x e) ¥ — 2y + 10y = 12e" cos 3x
b) v’ — 3y — 4y = 3™ f) v’ —5y' +4y = e*sinx
O y'+y —2y=2 g) vy — 3y — 10y = 2(7x +1)e™*
d) v +2y" = 8cos4x h) v — 5y 4 6y = 6x* — 10x — 4

~ Exercise 139

Solve LODE " — 4y’ = 4sinx — cos x.

| J

~ Exercise 140

Solve Cauchy problem y” +9y = 8cosx, vy (%) =0,y (%) — _\/Tg-

| J
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